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Annorauusi: [lenpro craThu SBISETCS Pa3BUTHE CTOXACTHYECKON HMHTEpPIIPETAINH
KBaHTOBOH MexaHuKH D. HempcoHa. Ha ocHOBaHWMH paccMOTpeHHS YCPETHEHHBIX CO-
CTOSIHUM XaOTWYEeCKH ONyKIaromeld 4acTUIBl MOJYYeHBI CTAllHOHAPHOE M BPEMCHU-
3aBUCHUMOE croxacTuueckue ypaBHeHus lllpemnmnrepa-Dinepa-Ilyaccona (47) u (92),
KOTOPBIE C TOYHOCTHIO 10 KOA((OHUIMEHTOB COBIIAIH C COOTBETCTBYIOIIUMH YpaBHEHU-
svu pegunrepa. [Ipu 3TOM OTHOIIEHHE penylupoBaHHON mocTtosHHOW [lnmanka k
Macce YacTHUI[Bl BBIPAXKAETCS Yepe3 yCpPeIHEHHbIE XapaKTePUCTHKH TPEXMEPHOTO CIIy-
4aifHOTO Ipollecca, B KOTOPOM YYacTBYeT paccMaTpuBaeMas OJyKJarolnas yacTHUIa.
[Monyuennsie croxactiuueckue ypasaenus (39), (47), (88), (92) npuroxaus! st omuca-
HUSl KBaHTOBBIX SIBJICHUH M YCPETHEHHBIX COCTOSIHUN YacTHUI[ HE TOJHKO aTOMHOTO U
cybaTtoMHOro Maciitaba, HO M aHAJIOTMYHBIX CTOXACTUUECKHX CHCTEM MHUKPO- U MaK-

pommpa.

KuroueBsblie ciioBa: ciydailiHbii npouecc, ypaBHeHue llpennHrepa, mocrosiHHas
ITnanka, BeIBOJ ypaBHeHHs llpenuHrepa, cTOXacTU4ECKOE YpaBHEHUE, CTOXACTH-

YgcCKasdl KBAHTOBAas1 MEXaHHUKA.
PACS numbers:

03.65.—w (Quantum mechanics)
05.30.—d (Quantum statistical mechanics)

Cnucok cokpaleHuii M onpeaeeHni

BCKM - Ge3maccoBas cTOXacTHYECKask KBAHTOBAsI MEXaHUKa,
KM — kBaHTOBas MEXaHUKa;

IIMD — nonHas MexaHU4YecKast YHEPreTHYHOCTb;

ITCCII — nceBao-cTanoHapHBIM CIIYY9alHbIN MPOIIECC;

CKM - cToxacTuyecKasi KBAHTOBass MEXaHHKA,

CCII — cTanroHapHbIN cllydyalHBIN MPOLECC;

CCIIBYC — craunoHapHbIi ciayyailHbIN poLece;

OIIPB — GyHKIMS TIIOTHOCTH pacIipeaesieH s BEpOITHOCTH;
XBY — xaoTHueCKH Oy KIarOIIast YaCTHIIA;

[MKO-9aCTHIIA — YACTHIA MM AHTHYACTHIA C XapaKTepHbIMK pazMepamu ~ 1070 — 102 ¢

-7 =
MHKpPO-4aCTHIA — YACTHIA C XapaKTepHbIME pasmepamu ~ 107 — 107 cm;
Makpo-4acTHIa — KOMIAKTHBIE TeJla C XapaKTepHbIMU pazmepamu ~ 1072 — 10% eum;

>

Mera-4acTuIia — IIaHETa, PO 3BE3/IbI H APYTHE KOCMUUECKHe Tea ¢ pasmepamu ~ 10° — 10° em.
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Abstract: The aim of the article is to develop a stochastic interpretation of the quantum
mechanics by E. Nelson. Based on the consideration of the averaged states of a chaoti-
cally wandering particle, the stationary and time-dependent stochastic Schrédinger-
Euler-Poisson equations (47) and (92) were obtained, which coincided with the corre-
sponding Schrédinger equations up to coefficients. In this case, the ratio of the reduced
Planck constant to the particle mass is expressed through the averaged characteristics of
a three-dimensional random process in which the considered wandering particle partici-
pates. The obtained stochastic equations (39), (47), (88), (92) are suitable for describing
guantum phenomena and averaged states of particles not only at atomic and subatomic
scales, but also similar stochastic systems of the micro- and macroworld.
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List of abbreviations and definitions

MSQM is the massless stochastic quantum mechanics;

QM is the guantum mechanics;

FME is the full mechanical energiality;

PSRP is the pseudo-stationary random process;

SQM is the stochastic quantum mechanics;

SRP is the stationary random process;

PDF is the probability density function;

ChWP is the chaotically wandering particle;

Pico-particle is a particle or antiparticle with a size of ~10° — 10™ cm;
Micro-particle is a particle with dimensions of ~ 10" — 10°° cm;
Macro-particle is a compact bodies with dimensions of ~ 102 — 10* cm;
Mega-particle is a planet and other cosmic bodies with sizes of ~ 10° — 10° cm.


mailto:BatanovMS@mai.ru
mailto:alsignat@yandex.ru

Croxacruyeckas uaTepnperanus KM 3

1 HPEABICTOPUSA n» BBEJEHUE

B coBpemeHHO (u3MKe HACUMTHIBACTCS HECKOJIBKO JAECATKOB WHTEpPIpETaui
kBaHTOBOM MexaHuku (KM). Kaxnias U3 HUX MMEET CBOM JOCTOMHCTBA U HEJO-
CTaTKH, HO HU OJHA W3 HUX TOYHO HE OINpEJENeHa, T.K. MHOTUE HUCCIEN0BATEIN
YacTO BKJIA/BIBAOT B OJTHU U T€ K€ MOHITHUS Pa3HbIE CMBICIIBI.

OpHa U3 MPUYMH TAKOH CUTyallMd B KBAaHTOBOM (hM3MKE CBSi3aHA C pasziny-
HBIM OTHOIIICHHEM K BOJHOBOM (yHKImu P(X,1).

BOABIIMHCTBO CIIEHMANIMCTOB COIJIACHBI ¢ yTBepxaeHueM M. BopHa, uto
KBaj[paT MOIY/Isl BOJTHOBOM (hyHKIMH dacTuilbl ¥(X,t) paBeH GyHKIIHUU IOTHOCTH
pactipenenenus BepostTHocTH (DPIIPB) HaxoxaeHus 4acTUIIbl B TOUKE X

P DP= p(x.D).
OnHako cieayer yuYuThIBaTh, yTO B o01ieM ciayyae nannas OIIPB sBisercs

CJIOKHOM (DYHKIMEH HECKOIBKUX (DaKTOPOB, CBA3aHHBIX C IPOIIECCOM U3MEPEHUS

1Z0)= pOct) = f [pp(x), pm(x.0), pe(X,8), pax.t), po(X.H)], 1)

rae
pp(X,t) — OIIPB, cBs3aHHas C XAOTHYECKUM MOBEJCHHEM YaCTHIIBI;
pm(X,t) — OIIPB, cBs3aHHAs € MOTPEITHOCTHIO METO 1A U3MEPEHHUIA;
pe(X,t) — ®IIPB, cBsi3aHHast C BIMSHUEM BHEIIHUX BO3ICHCTBHUIA;
pd(x,t) — ®TIPB, cBsi3aHHasI ¢ MOTPEUIHOCTBHIO CPEIICTB U3MEPCHUS;
po(X,t) — OIIPB, cBsi3aHHas C BIUSHHEM OINEpaTopa.

[Tpumepom pyHkuHMOHANBEHOM 3aBUcUMOCTH (1) MoxkeT nocinyxuts OI1PB
1 X’

27lot + o2 + o2 2 152 eXp—2[0_2 +02 +o(t)+o) +02]
”[O-px + O-mx + O-ex (t) + O-dx + O-ox] px mx ex dx oX

(X t)P=p(x.t)=

rie )
o’ = .[Pi (x)x°dx (3meck i = p,m,d,0); ol (t)= jpe(x,t)xzdx

—00

— UCTIEpCHs I-TO BIUSIIONIETO (haKTopa Ha pe3yabTaT H3MEPEHUS.
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Bce Boimenepeuunciennbpie (akTopsl, B TOW WIK HHOW Mepe, MPUCYTCTBYIOT
pu U3MEpeHUH QU3NUYECKUX XapaKTEPUCTUK YaCTHIl JI00oro macmrada. OmxHako
B 3aBHCHMOCTH OT Pa3MEpPOB YaCTHI] 3TH (DAKTOPHI BIHSIOT TO-Pa3HOMY.

Bwmecte ¢ TeM, IpaKTUYECKH BCE CIELUAIIMCTHI, UCCIEAYIOIINE CBOMCTBA HE
PENATUBUCTCKUX nuxo-uacmuy (T.€. YaCTUIl C XapaKTEPHBIMHU pa3MepaMU aTOM-
HOTO U Cy0aTOMHOro Macmiraoa, 100 10 CM), UCTIOJB3YIOT OJMH U TOT XKe
MaTeMaTh4YecKuil ammapaT kBaHTOBOM MexaHuku (KM). Jlanusiii anmapar moiy-
yu Havaso B padore O. lpemunrepa [1], u paccuuTtaH Ha TMPOTHO3WPOBAHHUE
BO3MOXKHBIX KOH(MUTypanuil ¥ 3BOJIOIKI BOIMHOBBIX (yHKiuil P(X,t) omHO# ya-
CTHIIBI WJIH aHCAMOJIsl OJTMHAKOBBIX YAaCTHIL.

AKIICHTHPOBaHHE BHHMAHHS Ha TEX WU WHBIX (aKTOpax, BIHSIOMNX HA
MIPOLIECC M3MEPEHMS], NPU HCIOJIb30BaHUU OJHOTO U TOTO K€ MAaTEMaTUYECKOIO
arnrmapara, IPUBOJUT K Pa3BUTHUIO pa3IuyHbIX HHTepnperaunit KM.

Hamnpumep, B pszie SKCIEPUMEHTOB MUKO-YaCTHUIBI YPE3BBIYAHHO YYBCTBU-
TEJIbHBI K BO3JEHCTBUIO HAa HHUX H3MEPUTEIBHOM CHUCTEMbl W HAOIIOIATENs.
B sTom cnyuyae BomHoBas ¢yHkuus (1) JomKHA yYUTHIBATH BCE BiIMsIOMNE (hak-
TOPBI, IPU ITOM METOAOJIOTHSI BOCIPHUATHUS MOTYYCHHBIX PE3ylbTaTOB Hanbolee
COOTBETCTBYET KoneHrareHckoi nnrepnpetanuu KM bopa - ['eiizendepra.

B npyrux skcnepumeHTax (GakToOphl, MEMIAIONINEe U3MEPEHUIO, HACTOIBKO
HE3HAYUTENbHBI, YTO UMH MOXKHO TpeHeOpeds. Hampumep, 0 BOZMOXKHBIX COCTO-
SHUSIX 3JIEKTPOHA B aTOME BOJIOPOJa MBI CYAAUM IO CHEKTPY €ro uanydeHus. Eciau
a0CTparupoBaThCsi OT HE3HAYNUTEILHOTO PACIIMPEHHS CTIEKTPAIbHBIX JTUHUH, CBSI-
3aHHOTO C BIIUSIHHEM Pa3IUYHBIX COMYTCTBYIOIMMX (PAKTOPOB, TO B ATOM ClIydae

®IIPB (1) npuobperaet BU
PxDF= p(x.t) = f [op(x) pe(x.D)].

Takass BoaHOBas (I)YHKL[I/IH XapaKTCPU3yeT TOJILKO CBOIMCTBA CaMOI0 3JeK-
TPOHA C YYCTOM BJIMIHUA BaKyyMa, HNPUBOIAMICTO K J13M60BCKOMy CABUTY CIICK-

TPaJbHBIX JTUHUMH.
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B aT10ii craTthe Oymem NpUAEpKUBATHCS CTOXACTHUECKON WHTEpPIPETAIUU
KBAaHTOBOIM MEXaHHKH, HanboJee sipKo BBIPAXKEHHOH B paborax DnBapaa Henbco-
na (Edward Nelson) [2,3,4], ony6nukoBanHbIX B 1966 — 1984 22.

Tomumo 3. Henvcona oanmoe nanpasnenue socnpusmusi KM pazeusanu
P. @opm (R. Fiirth, [5] 1933), 4. ®envec (1. Fényes, [6] 1952) u B. Beiizenw (W.
Weizel, [7] 1953), M. Ilason (M. Pavon, [8] 2000). Aremepnamuenas cmoxa-
cmuuyeckas unmepnpemayus KM 6vina paspabomana P. Ilexoevim (Roumen
Tsekov, [9] 2012).

Croxactuueckas uHTeprperauus HenbcoHa cBsi3aHa ¢ JOTMYECKUM MTOCTPO-
earieM KM mo aHajoruu ¢ Teopueii OpOyHOBCKOTO JBMKEHHS [TouHee mporiecca
OpHinreiina - Ynenoeka (Ornstein - Uhlenbeck)].

B wunrepnperanun HenbcoHa npHYMHA XAOTUYECKOIO MOBEACHUS ITUKO-
YaCcTHUIIbI CBSI3aHA C BO3JEHCTBUEM Ha Hee QuiykTyaunuii Bakyyma. KoadduuueHt
T Py3un TAKOTO CTOXACTHYECKOTO MPOIIECCa OKA3bIBAETCS MHUMBIM B CHITY OT-
CYTCTBUS TPEHUS M CHCHU(PUKN BA3KOCTH BaKkyyma. TakuMm oOpa3oMm, B CTOXaCTH-
yeckoi uHTepnperannd KM nepBuuHO# siBisieTcst He BosHOBas GpyHkius P(Xt), a
CJIOKHBIE MEJIKOMACIITA0HbIE WCKPUBIEHHUS MPOCTPAHCTBEHHO-BPEMEHHOTO KOH-
TUHYyMa (T.€. «KBaHTOBas MeHa» Ywuuiepa - boma - Buxbe), Bnustolme Ha KOJI-
JIOWIHYIO TMKO-YaCTHUILY.

B stom cinyqae OIIPB (1) nmpuHuMaeT camblii TpOCTOM BHT

[POGBP= PO = pe(x,t)= pxt) w*(x.b), ©)
TaK KaK XapakTepHu3yeT TOJIbKO Xa0THUYECKOE MOBEIEHUE OECCTPYKTYpHOU 4acTH-
11b1, TOABEP>KEHHOM HEMPEPHIBHOMY BIMSHUIO OYypIIsIel OKpYysKaroliel cpepl.
Hanomnum, umo cmoxacmuueckue ypasnenus Jlanowcesena u Dokkepa -
IInanxa onucwiearom OpoyHOBCKOe O08udcenue Oe3 yuema CmpyKmypvl 4acmuy u
HeonpeoenénHoOCmuU, C8A3aHHOU ¢ nozpewHocmamu usmeperutl. OOHAKO merHcoy
Gpoyrosckumu wacmuyamu (¢ pasmepamu ~ 107" em) u nuxo-vacmuyamu (¢ pas-

-10 -13
mepamu ~ 10 — 107 cm) umeemcs npunyunuanvhas paswuya. Bpoynoeckue
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(KOIOUOHBIE) Yacmuybl MOHCHO HAOIIOOAMb C NOMOWbBIO MUKPOCKONA, NPAKMU-
yecku He B030elcCm8ys HA HUX, a NUKO-4acmuybl 6 NPUHYUNE HEBO3MOICHO
Hab00amv HeNnocpedCmBeHHO.

B 57101 cTaThe MakCUMaNbHO YIPOILIEHHYIO (TOYHEE HE YUUTHIBAIOIIYIO TO-
IPEITHOCTH U3MEPEHHI U BIMSIHUAE JAPYTUX YACTHUI) MJIOTHOCTh aMIUTUTY/IbI BEPO-
stHoctH (ITAB) P(X,t) = w(X,t) OyneM Ha3bIBaTh «YKCTOM» BOJHOBOM (DYHKITHECH.

Heobxooumo ommemums, umo 8 OOnbuUHCIEE KHUS U Y4eOHUKO8 NO K8AH-
moeotl mexanuxe usHayaivio noo IIAB Y(Xt) noopasymesaemcs «uucmasny 60.-
HO8as (hyHKyus wacmuysvl. Imo A611emcs 0OHOU U3 NPUYUH OMCYMCMBUsST NOHU-
MAHUsi U CO2NACUSL MeHCOY MeopemuKamu U 3KCNePUMEHMAMOPamMuy, a MmaKice
Medcody cneyuanucmamu, pabomaruwumMu 8 paziudHblX 001ACMAX KEAHMOBOU
Gusuxu. Ilo seceii guoumocmu, UMEHHO OMHOWEHUE K «YUCMOUY» UTU «HEUUCTOU)
sonnosoul gynxyuu Y(X,t) nocayscuno npuuunou cnopos medxncoy A. Dunwmetinom
(uzyuaswium 8 monooocmu OpoyHosckoe ogudcenue) u H. Bopom (uvu pannue
pabomwl ObLIU CEA3AHHBL C OOBACHEHUEM CReKMPA U3YYEeHUsL AMOMOB).

Wtak, B JaHHOHN cTaThe MOJ CTOXACTHYECKOM WHTEpIpeTalnnuell KBaHTOBOU
MexaHuku JaBapaa Henbcona moapaszymeBaeTcst Takoi BapuaHT KM, B kKoTopoii
BosiHOBast pyHKIMsA w(X,t) XapakTepu3yeT TOJIBKO Xa0THYECKOE MOBEACHUE OITyK-
JIAFOIIEH YacTHUIBI MO/ BIUSHUEM (IIYKTYaAIlMid OKpYXKaromied cpensl, 0e3 ydera
HOTPEIIHOCTEH U3MEpEeHH W BIUSHHUS oreparopa. Jrta yactuna (mogobHo Opo-
YHOBCKOH KOPITYCKYJI€), UMEET 00bEM U XaOTUUHYIO TPACKTOPHUIO JBIKEHHS. [Ipu
9ToM cama BoJHOBas (yHkuus (mm [TAB) w(X,t) HOCHT cTaTUCTHYECKUI Xapak-
tep Makca bopha.

BMmecre ¢ TeM y4uTBIBaeTCS, UTO B paMKaX CTOXAaCTHYECKON MHTEPIIPETAlUU
KM Henbcona «auctas» [TAB w(X,t) oka3piBaeTcs CBOEro pojia «MHTEIUICKTYallb-
HOU Belipio B ceOe». [T0CKOIbKY 0 «4UCTOM» BONHOBOW (QyHKIMH w(X,t) MOXHO
y3HAaTh TOJILKO TOCPEICTBOM DEIICHHS CTOXacCTHYeCKHX AudQepeHnratbHbIX
ypaBHeHU. JIt00asi MOMBITKA BBINOJHUTH M3MEPEHUE MPUBEIET K YaCTUYHOMY

HCKaKCHUIO UJIK MTOJIHOMY Pa3pyIICHUIO HCCJ'ICI[yCMOfI CTOXACTHYECKOM CHCTEMBI

U K HeMuHyeMoMy u3Mmenenuto ee [TAB y(xt).
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B nanHO# craThe mpeanpuHATa MOMbBITKA pa3pabOTKH OCHOB 0e3MaccoBOM
croxactuueckoi kBaHToBoi MexaHuku (BCKM), siBnstomielicss pa3BUTHEM CTOXa-
ctrueckor kBaHTOBOM Mexanuku (CKM) Henbcona [2, 3], u npeaioxkeHo perie-
HUE TPOOJIEMBbl U3MEPEHUSI «UUCTBIX)» MapaMETPOB CTOXACTUYECKUX KBAHTOBBIX
CHUCTEM.

PaccmoTpena BeposITHOCTHAsE MOJIEIb XaOTHUYECKU OJIYKIAIOIIeH 4acTUIIbI
(XBY), kotopast, mogo06HO nuko-vactuie J. Henbcona [2], obGnagaer oobeMoM u
HenpepbiBHOW TpaekTtopuel nsmwxkeHus. Ho B otimuuue ot CKM [2] B BCKM ot-
CYTCTBYIOT OTpaHMYEHHS Ha pa3Mephl uccieayemoil yactunbl. Ha ocHoBanuu
9TON MOJIeTH (METO/I0M OTJIMYHBIM OT [2]) BBIBEJIEHBI CTOXAaCTHUECKHUE YPABHEHUS
(39), (47), (89) u (92), sBnsromuecst ododeHreM ypaBaenui [lpeaunrepa.

[To MHEHHIO aBTOpa, OCHOBHOE JOCTOMHCTBO CTOXAaCTUYECKUX YpaBHEHUU
(39), (47), (89) u (92), moay4eHHBIX B 3TOW CTAThe, 3aKJIFOYACTCS B TOM, YTO OHHU
MIPUTOJIHBI JIJIs1 OMMCAHUS YCPEAHEHHBIX COCTOSHUN U pacyeTa KBaHTOBBIX Mapa-
metpoB XbY nroboro macmraba.

Hpyrumu cnoBamu, ocHoBbl BCKM, npeuioxkeHHble B JaHHOW CTaTbe, MO-
r'yT HO3BOJIUTh UCCIEI0BATh CTOXACTUYECKUE MPOLECCHl HE TOJIBKO HA AaTOMHOM M
cy0aTOMHOM ypOBHSIX OpraHM3alliyu BEIIECTBa, HO U Ha MakpoypoBHe. Hampumep,
MO>XHO OIICHUTH BEPOSTHOCTH MPOSBICHUS KBAHTOBBIX 3((HEKTOB MpU ycpeaHe-
HUU XAO0TUYECKUX MEPEeMEIEHUI CUHTYISPHOCTH B Ape TalaKTUKH U MPOTHO3HU-

POBATh BBITCKAIOIINUE U3 DTOI'0 ITOCICACTBUA.

2 METOJ

2.1 BeposiTHOCTHAs1 MO/ieJIb 0Ty KIAIOIIEH YaCTHIIbI

PaccMmoTpuM dacTHIly, KOTOpasi O IeHCTBUEM MHOXECTBA HE CBSI3aHHBIX MEXIY
co00i1 cuioBbIX (HakTOpOB (B TOM uucie GQIyKTYUPYIOLIEl OKpYKarolei cpebl)
MOCTOSTHHO XAOTHYECKH OJTy’K/1aeT B OKPECTHOCTH YCIOBHOTO IIEHTPA, COBMEIICH-

HOT'O C HA4YaJIOM HETOABIKHOM cucTteMbl koopauHaT XYZ (puc. 1).
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0)

Puc. 1. a) B cpemem chepudeckn cUMeTpryHOE OOpa3OBaHWE, BHYTPH KOTOPOTO MOCTOSHHO
XAO0THUYCCKHU Oy)KIaeT 4acTHIa; 6) YIPOIICHHAS MOICIbh YaCTHUIIbI, XAOTUYCCKU Oy Iaromniel B
OKPECTHOCTH YCJIOBHOTO IIEHTPa COBMEIICHHOTO C HAYaJIOM CUTEMbI KoopauHaT XY Z

Ilpumepamu makozo Xaomuyeckoeo OBUNCEHU YACMUYbL MO2YM NOCTY-
AHCUMbB: INEKMPOH 68 Amome 8000p00d, KOAeOAHUS amoma 8 KPUCMALIUYecKoll
peuiemke, xaomuiecKkue nojiemsl Myxu 6 oanke, Opodcarue a0pa 6uoi02uiecKor
KAemKU, wegeleHue YeHmpa Macc IMOPUOHA 8 ympobe mamepu, OIYHCOAHUS KOH-
yuxka eemku depesa nood NOpvlIBaAMU Gempd, Nnepemeujerus YeHmpa Macc KocsiKd

pbl6 6 OKedaHe, 6146]%1141414 U CMewEeHUs HHCele3H02c0 ﬂdpa 6 Hedpax nianemst u m. n.

[TonHas MexaHWYeCcKas SHEprHs XaoTHUeCcKu Oy aaromieii yactuisl (XBY)
B KaXX/IbIi MOMEHT BPEMEHU U B KaXKJ 0 TOUKE 3-MEPHOI0 MPOCTPAHCTBA paBHA
E(xyzt) =T(xyzt) + U(xy,zt), ()]
rae T(X,Y,z,t) — KuHEeTHYeCKasi SJHEPT s YaCTHUIIbI, 00YCIOBICHHAs CKOPOCTBIO ¢
JBUJKEHUSI B MOMEHT BPEMEHH {;
U(x,y,z,t) — moTeHIMaIbHAs DHEPrHsl YACTHIIBI, CBS3aHHAs C YIPYTOCTHIO
OKPY’KAIOIIEH €€ CPebl, CTPEMSIICICS BEpHYTh JaHHYIO YaCTHUITY
B YCJIOBHBIN LIEHTD.
B nauGonee obmiem ciaydae kaxaas u3 saepruii Xb4: E (x,y,z,t), T(X,y,z,t) u

U(x,y,z,t) ssBisiercst cmy4aiiHON (DyHKIIMEH BPEMEHH M MECTa €€ TOJIOKEHHS OTHO-
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CHUTEJIBbHO YCJIOBHOTO IIeHTpa, HO 3Hepruu T(X,Y,z,t) u U(X,y,z,t) Tak miaBHO mepe-
XOJIST IPYT B Ipyra, 4To UX CymMMa Bceraa paBHa E (X,Y,z,t), T.e. Bceraa BBIOJIHS-
eTcs ycioBue (2).

Ecnu ckopocts XBY HeBenuka no CpaBHEHHIO CO CKOPOCThIO CBETA, TO CO-
IJIACHO HEPEISITUBUCTCKONM MEXaHUKE, OHA 00J1aaeT KHHETHYECKON dHEpruei

pj(x’ y’ Z’t) + pi(x, y’ Z’t) + pZZ(X’ y’ Z7t)

T(x,y,z,t)= o

NN B KOMIIAKTHOM BHJIC

L PIP)+ Py (P + pi(TY)
T(r,t)= 2 :
2m

rae Po(T,t), p(F,t), pAF,t) — MrHOBeHHBIC 3HAUCHUSI KOMIIOHEHT BEKTOpA MM-
nysabca OayXIaroliei YacTUI[bl B MOMEHT BPEMCHH t B TOUYKE ¢ KOOpAWHATAMHU
X,Y,Z; M — Macca 4acCTHIIbL, T — PaJMyC-BEKTOP C HAYaJOM B YCIIOBHOM IIEHTpE
HcceyeMoii croxactiaeckoii cucremst (r° = X%+ y2 + 7%) (puc.1).

Buj morenmumansHoi sHeprun yactunbsl U(X,y,z,t) Ha gaHHOM 3Tare uccie-
JIOBaHUSI HE KOHKPETU3UPYETCH.

Jlns ympouieHuss MaTeMaTHYECKUX BBIKJIAJ0K PACCMOTPHM OIHOMEPHBIH
Cily4yai, He OTpaHUYMBAIOIINI OOIIHOCTH 3aKir0YeHUi. B ciydae Tpex msmepe-
HUI YBEITMYUBACTCS TOJILKO YUCIIO HHTETPUPOBAHUH.

I[eflCTBI/IC I[BI/I)KYIJ_IGI‘/’ICH qaCTUulbl B HepeHHTHBHCTCKOﬁ MCXAHUKEC OIIPECaAc-

JIeHO caenyromum oopaszom [10]
S(t) = J%['I' (p,,t) —U (x,t)[dt + E(x,t)t. (5)

N3-3a cnoxHocTH TpaekTopuu asuxeHuss XbU Hac OyneT nHTepecoBaTh HE

camo neiictBue (D), a ero ycpeaHeHue

S(t) =tj2|_‘r(px,t)—U(x,t)dt+ E(x,t)At. (6)

%]
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VYcepeanenue neiictBust (6) OCYyIIECTBISETCS MO peau3alusiM, B3SATHIM 3a
OJMH U TOT K€ MPOMEXKYTOK BpeMeHH At = tp — t;.

CpenHroro kuHerndeckyro sHepruto XbY npencraBum B Buzie

T(p.D = [ (P DI, ™

rie p(px,t) — @IIPB X-KOMIIOHEHTBI UMITYJIbCA YACTHUILIBI P,

B (7) ycpenHeHre MpOMCXOAUT IO BCEM BO3MOXKHBIM p, YaCTHUIIBI, HE3aBH-
CHMO OT TOTO B KaKo€ BPeMs M TJ¢ OHAa HaXOIUTCS B pacCMaTpUBaeMOU 0O0JIACTH
3-MepHoro mpocTtpancTsa (puc.l).

YcpeaHEeHHY0 MOTEHIIHAIBHYIO SHEPTUI0 U YCPEIHCHHYIO MOJIHYIO MeXa-

HU4YECKYO0 3Hepruto XbY npencrasuMm B Buae

U((xt)= Tp(x,t)U (x,t)dx, (8)

E(x,t) = Tp(x,t)E(x,t)dx, 9)

rae p(x,t) — ®IIPB Mecta BO3MOXXHOTO HaXOXICHUS MPOCKIUHU OIyXIaroInei
vactuibl Ha ocH X (puc.l a,0) B MOMEHT BpeMeHH .
[Moacrasnss Beipakenus (7), (8) u (9) B (6), monyuum ycpeaHeHHOE Jei-

CTBHUE XaoTHUeCKU Onyxatomieit yactuis! (XbY)

S,(0)= j{ jp(px,t)pxdpx jp(x U (x, t)dx+jp(x DE(X, t)dx}dt. (10)

wm S,()= j{ jp(px,t)pxdpx+jp(x HIE( ) -U(x, t)]dx}dt (11)

CpenHee neiiCTBHE pacCMaTpHUBAEMOW «CTOXACTHYECKOW cuctembn» (11)
npeaycMaTpuBaeT Han0oJiee CIOKHBIN CiTydail, KOTJila BO3MOXHBI pa3JINuHbIC Ba-

pUAHTBI U3MEHEHHUsI YCpeTHEHHOTro cocTosiHus XbY co BpemeHeM t.
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2.2 CranuonapHoe cocrosinne Xb4
PaccmoTpuM cTanmoHapHOM BapHaHT CTOXACTHYECKOW CHUCTEMBI, KOIa yCpenl-
HeHHoe nosezieHue XbY He 3aBUCHUT OT BpeMEHU.

B sTom cnydae noBenenne XbY onuchiBaeTCs CTalMOHAPHBIM CIy4ailHBIM
nporeccoM (CCII) (cmotpure [Ipunoxxenue 1), u Bce ee ycpeaTHEHHBIE XapaKTe-

PHUCTHUKH HE 3aBUCAT OT BPDCMCHHU.

p(pX1t) = p(pX)’

(b, 0=t [ PP )Pl (12
U0 = [ 00K, 13)
E000) = [ POOEGX 149

rae  U(X) — cpeanss norenuuansHas sueprust XbU B Touke X;

E(X) — cpemusist monHas Mexanndeckas sHeprus XbU B Touke X.

[Moacrasiss (12) — (14) B ycpennenHoe aeiictue (6), MOIyIuM

t

S.=| {% j p(p,)pidp, - j (XU (x)dx +£ p(xmdx}dt. (15)

°]

[IpencraBum cpennee nevictue (15) B koopaunaTHOM BHjie. [i1s1 3TOTO BBI-
MOJHUM CIIEIYIOIINAE IEVCTBHS:

1. 3anuiem OITPB p(x) B Buae Mpou3BeACHHS IBYX [UIOTHOCTEH aMILTHTY-
161 BepositHocTH (ITAB) y(x):

P(x) =y (x) w(x). (16)

2. Paznenum o0e vactu BbIpaxeHus (15) Ha Maccy yacTUIBI M U caerTaeM

3aMeHy IepeMEHHOM Px= MVy C sikoOnaHoM TpeoOpa3oBanus J =1/m, B pe3ynbra-

T€ MOJIYYHM
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j{ .T/?(V )v;dv, — .[p(X)U(X)dX+ Ip(x)g(x)dx}d (17)

e Vx — MTHOBEHHBIE 3HAUCHHE X-KOMIIOHEHTBI BeKTOopa ckopoctr XbY;
S, &(x), u(x), t(vx) — 06e3MaccOBBIM BEIMYHMHBI, KOTOPBIM IIPHCBOUM CJICIYIO-

IK1C Ha3BaHU:

s=S/m (18)
— «3(pHEeKTUBHOCTH)» YaCTHUIIHI,
e(x) = E(x)/m (19)
— (TIOJTHASE MEXaHWYECKAasi SHEPTETUIHOCTHY YaCTHIIHI;
u(x) = U(x)/m (20)
— «IOTEHIMAJIbHASI SHEPTETUYHOCTDY YaCTHUIIBI;
t(vy) = T(v,)/m = v,2/2 (21)

- KKMHETHYECKasi YHEPTeTUYHOCTHIOY» YaCTHUIIBI.
3. Bocmonb3yemcst KOOpAMHATHBIM MTPEICTABICHHEM YCPEIHEHHOH X - KOM-
MOHEHTHI BekTOopa ckopoctu XbY, Bo3BenenHoi B N-10 creneds (112.2) (cmopure

[Mpunokenue 2). B yacTHOCTH Ipu N = 2, UMeeM

: oY
V2= j pvvidy, = [ w(x)[—mx = j w(X)dx, (22)
rae, cornacHo (I12.3) [umu (I11.54), cmotpute [Ipunoxenue 1]
2 2
n, = Fx _ macmraGusiit napameTp, (23)
r

XKop

Ox — CTaHJAPTHOE OTKJIOHEHUE CTAI[MOHAPHOTO ciydaiiHoro mporecca X(t), cBs-
3aHHOTO C MPOCIMPOBaHUEeM MecTa mojoxenuss XbY Ha och X;
Tx cor — MHTEPBAJI aBTOKOPPEJISAIINHI JaHHOTO clTydaifHoro mporecca X(t).
4. Ucnionb3ys Beipaxkenus (12), (21) u (22), npeacraBiuM yCpeTHEHHYIO KH-

HETUYECKYyI0 dHepruuHocTh XbY B BUzE

—) T(Xt)
m

:1\, (x t)—— J.p(V )vzdv 772X I (x)a l//(x) dx. (24)
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5. CpenHsisi NOTCHUMATbHAS JHEPreTHMYHOCTh 4YacTHIbl coryacho (13) u
(20), u ee cpeaHss MOMHAS MEXaHUYECKast SHEPreTUYHOCTh coracuo (14) u (19),

¢ yuérom (16), npuHUMAIOT BU]T

a0 =200 = [ o= [y 0uGw (e, (29
00 =00 = [ p0aldin= [y etwiod  (29)

6. [ToacraBum BeipakeHwust (24), (25) u (26) B unterpan (17)

5. j{"*j 00T gy IW(X)U(X)W(X)dHIV/(X)S(X)V/(X)dX}dt @

OO0beaunsisi Bce ciaaraembie B (27) 10O OJUH UHTErpajl, MOJyUYUM CIeayo-

it BUI cpenHeit «oddektuBHOCTH» XBY B KOOPAMHATHOM MPEACTABICHUN
1 o0 ( )
j | ( '/’ w2 (X, H)[e(X) —u(x)]jdxdt. (28)
t —oo

Cpennsisi 3pdexkTuBHOCTh (28) XapakTepu3yeT paccMaTpUBAEMYH0 CTOXa-
CTHYECKYIO CHUCTEMY B CTAI[HOHAPHOM COCTOSIHUHM (T.€. KOTJa YCPEIHEHHOE CO-
CTOSIHHE Xa0THYECKH Oy TAfOIIeH YaCcTHIBI He U3MEHSETCSI CO BPEMECHEM).

B sToMm cnyuae 6anaHCc SHEPreTUYHOCTH PacCMaTPUBAEMON CTOXACTHUYECKON

CUCTCMbI MOKHO ITPCACTABUTH B BUJIC

e(x,y,z)=t(x,y,z)+u(x,y,z) = const. (28a)
VYcnosue (28a) roBoput o Tom, uto XbUY B cpeHeM He TepsieT MOIHYI0 Me-
XaHUYECKYIO0 DHEPreTUYHOCTh. B 3TOM cilydae MOXHO NPEANOJIOKHUTh, YTO BS3-
KOCTb cpejibl, oKpyxaromueit XbY, HOCUT KOMITJIEKCHBII XapakTep, T.K. OypJsias
cpeda TO 3a0MpaeT YacTh PHEPTUTUYHOCTH y YACTHIIbI, TO BO3BpALIAET €i Tyxe

YaCTb DHCPIrUTUYHOCTH.
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2.3 CTaniuoHapHOe CTOXacTHYECKOe YpaBHeHue Diliiepa-Ilyaccona
Haiinem skcrpemans dyakiuonana (28), T. e. onpeaenum GyHKum© y(X), Ipu

KOTOPO# cpenHsis 3PPeKTUBHOCTD

o j{” 00 7Y 4y 010 - u(x)]dedt 9

t, —o
IIPUHHUMACT SKCTPEMAJIbHOC 3HAYCHUC.

[Tockonbky B (29) OTCYTCTBYIOT (DYHKIHH, 3aBUCSIIHE OT BPEMEHHU, OyaeM
UCKAaTh yCIOBHE SKCTPEMAIILHOCTH BHYTPEHHETO HHTETpaia

w= j(”* v 00T 0010 - u(x)]]dx (30)

B BapuanmoHHoM ucuucieHuu moka3aHo [11], 4uro skctpemans Yy = f (X)
¢yHKIMOHaa 0011ero Buja

o o% Yy
N = - dx, 31
I ( ox T ox” =D
ornpenensercs ypaBuenuem Diiepa-Ilyaccona [11]
d d’ d"
F,-——F +—F.+.+(-1 » =0. 32
—F (D" Fo (32)
B ciyuae noucka sxkctpemanu ¢yskiuonana (30), umeem

621//( X)

y=y(x), F= ”* w(X) +y? (0[e() —u(¥)], (33)

pu 3TOM ypaBHeHHe Diinepa-Ilyaccona (32) ympomaercs

d d?
F, —~—F, +~—F,.=0. 34
dx dx? 34)

2

e F, = E oy (I -u00], Fy=0 n Fr="yn. (39)

[Moacrasmss (35) B (34), ¢ yueTom

d’ V/(X) an/(X) (36)
dx? ox?

MOJIYYUM OJTHOMEPHOE CTOXAaCTHYeCKoe ypaBHeHUE Jitnepa-Ilyaccona
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’7—25 aza‘i 09 1y (0100 — u(¥)] =0. 37)

O606H.[€HI/IC Ha TpU U3MEPCHUS, CBOAUTCA K YBCIWYCHHUIO YHCJIa UHTCTPHU-

POBaHUM, IPH 3TOM BMECTO ypaBHEHHUsI (37), MOITYyUUM (38)

nfv)’l 82(//(X, yi Z) + aZW(Xi y! Z) + a2‘//()(1 y! Z)
2 X’ oy? oz’

}+[8(X, Y, Z) —U(X, Y, Z)] [//(Xl Y, Z) =0

HJIM B KOMIIAKTHOM BHC

2 -
%vzw(r) + [e(f) —u(®)]w (F) =0, (39)
o2 9% o’
e V2= v + PG + 57 omneparop Jlamaca, (40)
2 2
nr = nx,y,z = i (41)

rcor

— MacHITaOHBIN MapaMeTp, TIe VISt TPEXMEPHOTO CITydasi:

1
o, =E,laf+0'§+of (42)

— CTaHJapTHOE OTKJIOHEHUE CcllydaiiHO# 3-MepHo# Tpaektopuu XbY oT ycIoBHO-
o LIEHTPa pacCMaTPHUBAEMOI CTOXaCTHYECKOU cuctemsl (puc. 1);

1

reor — 5 (Tx cor + 2-y cor + 7, cor) (43)

— HWHTEpBaJ aBTOKOPPEISIWU JAHHOTO 3-MEPHOTO CTAI[IOHAPHOTO CIY4aifHOTO

T

nporecca.

Beipaxenne (39) Oymem Ha3biBaTh 0€3MacCOBBIM cmayuoHapuvim (m.e.

6pEMEHU - H€3a6uCMMblM) cmoxacmudecCKum ypasHernuem Sdﬂepa'HVCZCCOHa JIA

HaxoxaeHus skcrpemanu y(F) =y (X,y,2) byHKroHana (44)

t;

S_r:J I J (%V’(X' Y, )V (%Y, 2) +v (%, Y, 2)[e(X, ¥, 2) —u(X, y,Z)]jdxdydzdt,

1 00 —00 —00

¢ OaylaHCOM PHEPreTMYHOCTH PacCMaTpPUBAEMOM CTAllMOHAPHOW CTOXACTUYECKOM

cuctemsl (28a).



16 M. C. baranos - ['ayxman

2.4 Croxactuyeckoe ypaBHeHus llIpenunrepa-Jiinepa-Ilyaccona
IIpeanonoxxum, 4TO NOJIHAsA MeXaHudecKas sHepretnyHocTb XbY Beerna ocraer-
Cs1 IOCTOSTHHOM, TPpH 3TOoM ypaBHeHue (4), ¢ yaerom (19) — (21), ymporaercs

e = t(x,y,z,t) + u(x,y,z,t) = const. (45)

B Takoil cTanMOHApHON CTOXACTHMYECKOW CUCTEME KHUHETHUYECKas >Hepre-
tuunocth XBY t(X,y,z,t) u ee noreHnuagbHas 3HepreTHuHoCcTh U(X,Y,Z,t) Tak ciy-
YailHO U3MEHSIOTCS U IUIABHO MEPEXOAST APYT B APyra, 4ro ux cymma (T. €. moJj-
Hasi MEXaHUYeCcKasi JHEPreTUYHOCTD &) BCEr/la OCTAETCs OCTOSIHHOM.

Ycnosue (45) coeopum o mom, umo 6 oannom ciyuae Xb4 nuxozoa He me-
psem NONHYI0 dHEePeeMUYHOCMb HA mpeHue ¢ oKpyxcarowel cpedou. llpuyunou
MAKo20 XA0MU4ecKko20 MN08e0eHUsl HYaACMUYbl MO2YM NOCAYHCUMb CIYUALHbIE
Grykmyayuu ee nomeHyuaIbLHOU IHEPLeMUYHOCMU.

Ycpennenue BoipakeHus (45) MPUBOAUT K YCIOBHIO

e=t(x,y,z,t)+u(x,vy,zt)=const, (46)

a ypasHenwue (39) npuobperaet BH

_ %Vzw(F) + ﬁ () =cew(r), (47)

B HepensTuBUCTCKOI 6€3MaccOBOI CTOXAaCTUYECKOW KBAHTOBOW MEXaHUKE
(BCKM), pa3BuBaemoii B JaHHOW cTaThe, ypaBHeHUE (47) sBIsSETCS aHAJIOTOM

CTaIMOHApHOTO (T.€. BpeMEHH - He3aBUcUMOoro) ypasHeHue [llpeaunrepa

_;’—v%//(r) + UM w(7)=Ep(P). (48)
m

Paznenum o6e dactu ypaBHeHus (48) Ha Maccy 4acTHIBI M

e, o U(F)
— Vi (F)+
o w(r) -

L _E
w@—mwM, (49)

U npuMeM Bo BHMMaHwue ompezaeienus (19) — (20). B pesynabrate mpeacraBum

cranuoHapHoe ypaBHeHue lllpeaunrepa B cienyroiieM BUIE
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_%(ﬁj Vi (F)+ U w(F) =2 w(F), (50)
m

CpasuuBas ypasuenus (47) u (50), oOHapyKHBaeM, YTO OHU TOJTHOCTHIO

COBMAJIAIOT IIPU

207 h
n=———=—

TI‘ cor

(51)

9TO COOTHOILICHHUE YKe ObLI0 mosrydeHo B [punoxenuu 1, cmorpute (I11.49).

[TosTomMy OyneM Ha3bIBaTh BhIpakeHHE (47) 0€3MacCCOBBIM CHMAYUOHADHBIM

cmoxacmuyeckum ypasueruem Llpeounzepa-Dunepa-Ilyaccona niaa HaX0XICHUS

sKcTpeManu y(X,Y,zZ) GyHKIHOHaIa

t, © 0 o

S :I I I.[ %‘/’(X’ Y, 2)Va (X, Y,2) +w (%, Y, 2)[e —u(x, y,2)] dxdydzdt. (52)

t; —oo—o0—00

¢ OaJlaHCOM PHEPTEeTUYHOCTH (46).

2.5 CroxacTHu4ecKue KBAaHTOBbBIE ONEPATOPHI
[Tokaxkem, Kak MOITY4alOTCs ONEPaTOPbl B 0€3MAcCCOBOW CTOXACTHUECKOW KBAaHTO-
Boil Mmexanuke (BCKM). Jlns aToro BepHeMcs K pacCMOTPEHUIO MOJIEH XaoTHYe-
cku onyxaaromneit yactuisl (XbY), mokazanHoii Ha puc. 1.

Bo BpeMss XaoTHYeCKOro IBWKCHHSI YACTHIBI B OKPECTHOCTH YCJIOBHOTO
[IEHTPa, OHA TOCTOSHHO MEHSET HampaBJieHUE CBOEro ABMXKeHHs. [loaTomy 4a-

CTHUIIA B K&KIBIA MOMEHT BpPEMCHHU O6J'IaIlaeT MOMCHTOM HUMITYJIbCa

L=rxp, (53)
rae I — paauyc BEKTOP OT YCJIOBHOTO IIEHTpa 0 YacTHUIlsl (puc. 1);

p =MV — MrHOBECHHOC 3HAYCHHUEC 1 HAIIPABJIICHHUEC BCKTOPA UMITYJIbCa YaCTHUIIBI.

[onennm 06e YacTH BEKTOPHOTO BhIpaxkeHHs (53) Ha Bemmumny M|T|°, B

pE3yJbTaTe NMOJIYyYuM BEKTOP er'IOBOfI CKOpPOCTH
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w= - (54)

[IpencraBum BekTOpHOE YpaBHEHHE (54) B KOMIIOHEHTHOM BHJIE

o, = 2 (yVZ - Zvy )’ a)y = 2 (ZVX - XVZ)’ Wz = 2 (va - yvx) ! (55)

i i

r
prel[HI/IM JaHHBbIC KOMIIOHCHTbI

o= ppm) o=l ) o=l ). 69

7] 7]
BOCHOJ’IBByeMCH KOOpPAUHATHBIM MPEACTABIICHUCM YCPCIHCHHBIX KOMIIO-

HEeHT BekTopa ckopoctu (I12.2) mpun =1

o= Jw 0 -in, Z e -in, Z |0 7
— ¢ . 0

v, = J«//(y)(—my Jw(y)dy [—my j [y vy, (58)
v, = II/I(Z)[—iUZ jw(z)dz:( J [v@w(@az. (59)

VYurewm, uro, Haripumep, B (57)
J O (¥dx= [ p(x)dx=1. (60)

[Tostomy ToxmectBa (57) — (59) s3KBUBaJIEHTHBI OE3MACCOBBIM CTOXACTHYE-

CKHM OII€paTOpaM KOMIIOHCHT BEKTOPAa CKOPOCTU

\A/X Urﬁ \A/y Urﬁ \A,Z:n__rﬁy (61)
i ox’ i oy’ I oz

37I€Ch YUYTEHO, YTO [JIsl M30TPOIHOTO City4ast 77, =1, =1, =1, .

be3maccoBbie cToxactuueckue omneparopsl (61), ¢ yuerom (51), coorBer-
CTBYIOT OIlepaTopaM KOMIIOHEHT BekTopa ummyibca KM [12]

S ho s _ho o s nd
i’ Yooy 't iar
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[Moxcrasmss (57) — (59) B (56), ¢ yuerom (60), morydaum 6e3MacCcoBBIE CTO-

XaCTUYECKUE ONEPATOPBI KOMIIOHEHT BEKTOPa yrioBoi ckopoctu XbY

e L Sy R Sr A PE AP
i|fFf\ oz oy i|rey ox oz e oy " ox

KOTOPBIC COOTBECTCTBYIOT KBAHTOBO-MCXaHUYCCKUM OIICPATOpPaAM KOMIIOHCHT BCK-

TOpa MOMEHTa UMIyJbca [12]

o h( 0 0 ~ h(_ 0 0 ~ R 0 0
Ly=—|y—-2z—|, Ly=—|z—-Xx—|, Li=—|X—-y—|
i\"oz oy i\ ox oz i oy OX

B chepudeckoil cucremMe KOOpAMHAT CTOXacTU4eckue omeparopsl (62)

HUMCHOT BU
A n . 0 0
wx = ——| singp——ctgl cosp— |,
||F|2( Y0 (paq)j
n n 0 . 0
wy =—2_| cosp— —ctgdsin p— |, (63)
=it e oo 2
C/l\)z :n—jzi
i|r|" op
CroxacTudeckuid 0€3MacCOBBIN OMEepaTop KBaApaTra MOIYJS YIJIOBOM CKO-
poctu XbY pasen
A2 N2 2,2 772
W =0x+0y+0: :—|4r|4 vz(/),
P ,
2
re ve =t Ofgng ), 1 O (64)
" sind 06 060) sin“6op

HOI[O6HBIM o6pa30M MOTYT OBITh IMOJIYYCHBI BCC 0e3MaccoBBIE CTOXAaCTHYEC-

ckue kBaHTOBBIE omeparopsl BCKM, anamormunsie onepatopam KM. Tombko B
BCKM BmecTo oTHOmIeHHs: A/M MpUCYTCTBYeT MaciitaOHbid mapametp 77, (41),
nosromy BCKM mnpurogna ajist onucaHus CTOXaCTUYECKHX IPOLECCOB JIFOOOTO
MmaciTa0a.

AHaJOTrMYHBIM 00pa3oM MOXET ObITh BBICTPOEH MaTeMaTHYECKH ammapar

Bcell Oe3MaccoBoil croxactudyeckoi kBaHTOoBoW MexaHuku (BCKM), koTopsiit
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MPAKTUYECKU IIOJHOCTBIO COBMAAAET C¢ MarematuyeckuMm annaparom KM. Ho
BCKM ocHoBaHa Ha HPUHIMIAX «OOBIICHHON» (KJIAaCCUYECKOM) JIOTUKHU, U TPH-

TOJTHA JIJISl ONMCAHUsI KBAHTOBBIX CUCTEM U 3 PEeKTOB JIto00oro MacmTaba.

2.6 CooTHomieHue HeonpeaejgeHnocreid B BCKM
HeomnpeneneHHOCTh B CKOPOCTH XaoTWuecku Omyxnaromieid yactumbl (XBY)

OnpeacsICTCA CTaHAAPTHBIM OTKJIIOHCHUCM

+o0

v =) o[ -in, 2] v, (65)

—00

a HCOIIPCACICHHOCTb B KOOPAMHATC YaCTULIBbI OIIPECACIIACTCA BOJIATUIBHOCTBIO

e = | Ty oga ()

CoBMecTHas HCOMPCACIICHHOCTD 110 KOOPAUWHATC U HUMITYJIBCY MOKCT OBITH

MpE/ICTaBJICHA B BUE (67)
22 " oY 2 " 2 X’
WX = [y ()l =in, — | Xy ()dx = | [y ()| nl — w(X)dx =2n,.
. OX i OX

[annoe cootHomenue HeomnpeneneHHocTell bCKM »KBUBalleHTHO COOTHO-

nieHno Heonpenaenennoctei ['eitzendepra B KM AXAp, >277 .

2.7 Bpemenu-3aBucumoe ypapHenue llpeaunrepa-Jiinepa-Ilyaccona

IIycTh yCpeIHEHHBIE XapaKTEPUCTUKH CIIy4aiiHOM Tpaekropuu aABvxkeHus XbY
M3MEHSIOTCSI CO BPEMEHEM, HO HACTOJIBKO MEIJIEHHO, YTO B Ka)IbIi MAJIBIA IIPO-
MEXYTOK BpeMeHHU At Bce JaHHBIE XapaKTEPUCTUKU MOKHO CUMTaThb HEU3MEHHBI-
Mmu. Takoe HecTaOMIBHOE MOBEJIEHUE YAaCTHUIBI paccMOTpeHo B [Ipunoxenun 1 u

HA3BaHO TICEB/I0-CTAlIMOHAPHBIM cirydaiiHbIM mpotieccoM (ITCCIT).
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JlomycTuM Tak ke, 4TO Y TaKOW ICEBIO-CTAllMOHAPHOM CTOXAaCTUYECKOH CHU-
CTEMBI CO BPEMEHEM HE3HAYUTEJIbHO U3MEHSAETCA U IOJHAs MEXaHU4eCKas dHep-

retuuHocThb (IIMD)

e(x,y,z,t) =t(x,y,z,t) + u(x,y, z,t), (68)

B paCCManHBaeMOﬁ MOJCIN HE3HAYUTCIBbHOC YCPCIHCHHOC HM3MCHCHHC

[IMD onyxparomei gactuusl £de, (X,Y,z, t, + At) cBsi3aHO ¢ MEIUICHHBIM H3-

MEHEHHEM e KUHEeTHYecKoW sHeprernunoctu * dt(X,Y,z, t, + At) 3a cuer BHem-

HCr'o BJIMAHHA B BUAC «IIOAOTPCBA» WU «OXJIAXKIACHUS CTOXACTHYECKOM CHCTE-
MBI.

HOCKOHLKy n3meHenue [IMD MMPOUCXOAUT MCIJICHHO, MOKHO 3aIIMCATh

e(x,y,z,t) =¢(X,y,z2,t,) £ de, (X, y, 2, t, + At), (69)

3Haku (+) win (—) B (69) cBs3aHBI COOTBETCTBEHHO C YBEIUYCHUEM UIIU C YMEHB-
nieHueM ycpeaneHHoi I1IMO ¢ Teuenuem Bpemenu t.

B nanpHelitiem i cOkpaiieHUsl BBIYMCIECHUN OyleM paccMaTpuBaTh OJ-
HOMEpHBIN ciydaid, 6e3 ymiepda Uit OOIHOCTH 3aKIIOUYEHUN Ha ciydai 3-X u3-

MEpPEHUH, U NpeACcTaBUM (69) B COKpaIlEeHHOM BUJIE

g(x,1) = e(x,1,) £ de, (%, t, + AL), (70)

rne de, (t, + At) — ycpennennoe manoe uzmenenne [IMD xaoTHueckn OiysKaaro-

e YacTHIIbI, CBI3aHHOE C YBEJIUUCHHEM (MJIM YMCHBIICHUEM) €€ YCPEIHCHHOM
KMHETUYECKOW SHEPreTUYHOCTH 3a Majblii IPOMEXKYTOK BpeMeHu At.
B stom cnywae cpenuss spdexkruBHocTh XBY (T.e. pe3yibTar nAeneHus

o0eunx yacTel BeIpakeHus (6) Ha Maccy YaCTHIIBI M) UMeeT BU

s (t) = tf[t(vx,t) —u(x,t)dt + £(x, t)At, (71)

uiu ¢ yaetom (70)

s.(t) = T[t(vx 1) —u(x, t)dt + [£(x, t,) + de&, (X, t) JAL. (72)

7]
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ITo anamoruwu ¢ (10) mpeacraBum cpentioro 3¢ hekTuBHOCTE (72) B BHIC
t, 0 e ®©
s (t) = j {% j p(v,, t)v2dv, — j o(x,Hu(x, dx + j p(x,D(x.t,) J_rdgt(x,t)]dx}dt.
t -0 —00 -0

(73)

3anumem JAHHOC BBIPAXKCHHUE B KOOPAUMHATHOM IPCACTABJICHUH. I[JUI 9TOTIO,

Beipaszum DIIPB p(Vy,t) u p(x,t) yepes MIOTHOCTH aMILIUTYBI BEPOSATHOCTH w(x,t)
Cornacuo (A1.55) u (A2.2) umeem:

Pt =w(xt) w(xt),

(74)
%Zp(vx,t)ﬁdvxt(x—,t) = T(;’t) =t(x,t) = ; v(x,t) = 772X J (x,1) a(f’t) dx, (75)
TP(XJ)WC’X = % = ]gl//(X,t)m;//(X,t)dx, (76)

Ip(x t)[&‘(X t )+d6‘t (X t)]dX J[//(X t)g(x t )l//(X t)dX+| 77)( IV/(X t) 6!//()( t) dx.

ot
(77)
B Boipaxenuw (77) yureHo, uto cornacHo (I12.23)
2 +0o0
dz, (x,1) = - j w(x 1) 2 a“’(x Y (78)

rae D — MHMMas 4acTh KOMILIEKCHOTO Koa(p(bI/IuI/IeHTa mupdysun B=iD xaotude-

cku onyxaatouieit yactuist (XbY).

[Moacrasnss (75) — (77) B (73), MOAyYrM KOOPAMHATHOE MPEICTABICHUE

TceB/I0-CTAIMOHApHOH ycpenHenHol «ddextuHocTI XBY (79)
t, © 2
& oy (xt
S (t) J. J(nx w(x,t) ——= ‘//( t) [g(X t))— U(X t)]V/ (X, t)+| l//(X ) w( ))d wdt.
t —oo

Haiinem sxcrpemans y(X,t) dynkiuonana (79).

CHauaia HAIIOMHHUM, YTO YCJIIOBHUC S3KCTPEMAJIBbHOCTHU (I)yHKI_II/IOHaJ'Ia BUa

0z 0z d*z 9’z 0°z
S 1 4 ! NP ] ’ dth1 7= X,t, 80
] ( ox ot ox? ot ataxJ rae 2=y (D). (80)
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omnpenensieTcs ypaBHeHueM Jditniepa - [Iyaccona [11, ctp. 316]

L-24, }—E{Lg}+a—2{Lr}+i{L }+a—2{L 1=0, (81)

OX ot ox? ot? oxot
rae
L, — yactHas npousBoHas jarpamkuana L mo z =y (x,t); (82)
L, —uvactnas npoussoaHas L mo p= a = oy (x.t) ;
OX OX
oz ow(Xxt)
L, —yactHasg nmpousBogHag Lmo g =—=—"———=
g p g ot ot
0’z *w(xt)
L, — yacTHas npousBoaHag L o I = = 2
' P A ox ox2
0’z 2w (x1)
L; — wacTHas mpousBoaHas L mo t = e = e :
0’z o°
Ls— uactHas npousBoaHas L mo S = = Ty (x1) ,
otox otox
pU 3TOM
0 0z ap a9
—L =L +L_ —+L + L, 83
ax{ p} Pes TP ox ppax 9 ox 83)
— MOJIHAs TIPOU3BOTHAS TT0 X;
0 oz op a9
a{Lg}z L+ Ly 5+ L 5+ L
— MOJTHAs IPOU3BOTHAS IO t;
0? o°L oz op o9
—ik,j=—+L + +L
ox? { r} Ox? “ox? Toxt M ox?

— IIOJIHAA BTOpaSI yaCTHasa HpOI/I3BO)1Ha$I 110 XZ'
0° 62Lt og
? {L } Ltz + Ltp Ltg ?
— IIOJIHAA BTOpaSI yaCcTHasa HpOI/I3BO)1Ha$I 110 t y
2 2
O - L2, L, %P, L, %
otox otox otox Otox Otox

— IOJIHasA CMCIIaHHasA YaCTHaA MMPOU3BOJHAA IO tux

B kauectBe marpamkuana L uCmonb3yeM MOJBIHTETPAIbHOE BBIPAKEHUE
U3 BpPEMEHU-3aBUCUMON (TICEBIO-CTAIIMOHAPHON) YCpeIHEHHOH «3((HEKTUBHO-

ct» XBY (79)
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Ty (x,) ‘”( S AR ERTI() TR U L SR CD R Y

B pesynbrate moacranoBku jarpanxuana (84) B Beipaxenus (82) u (83)

IMOJIYyYHUM

2 2 2

1, 07w (1) n Op(xt), @ .
L =227 _2u(xte(xt,)—u(xt)] i L — =0;
v (X, t,) —u(x,t)] 5 a e L)
0 02
&{Lp}:O; %{LS}=0;
0 7 oy (x,t) 0? n’ 0°w(x,t)
T =t 2y (x 1) 2R Z L = 2
at{g} 1255 v =4 axz{ J=25 %2

(85)

[oncrasnsis Beipaxenus (85) B ypaBuenue Diinepa - [lyaccona (81), moiy-

YUM MCKOMOE ypaBHEHHE IS ompenesieHust skcTpeManu w(x,t) pyukiponana (79)

m Oy (x1) _ 3, O*p(xt)
+ 2D p 5 PV + 2[e(X,ty) —u(x,t)]w(x,1) (86)

O06o00uieHre Ha TPU U3MEPEHHsSI, CBOJUTCS K YBEIMYCHHUIO YHCIIa WUHTETPH-

POBaHMIA, TPU STOM BMeCTO ypaBHeHUs (86), momydum

oy yzt) 3 [oy(xy.2t)  y(xy.zt) Sy Y.z,
Hp o 2 ox? oy’ oz* (87)

+2[e(x,y,2,5) -u(x.y, 2,01 w(xy,2,1),

HNJIM B KOMIIAKTHOM BHIC

+ gE) awg 0 _ 3’27r V(7o) + 26F.0) —u.0lw (), (88)

rae ' — paguyc-BeKTOp ¢ Ha4aJlOM B YCIOBHOM LIEHTPE HCCIIEyeMOro 00beKTa

(puc.1), (r2 =X+ y2 + 22); 1, — MacitabHbIil napametp (41) [umu (112.24)].

o> o o
— oneparop Jlamaca.

+—
ox*  oy* oz’

VYpasHenue (88) mpeacraBum B BHIE

VZ=



Croxacruyeckas uaTepnperanus KM 25

ii;?_g%: P2V (F.0 + 2[e(F ) —u(L.Olw(FL),  (89)

rae cornacHo (41) [mm (I12.24)]

2 2
ﬂrl:Pr:FZUFZRGr ' (892)
2 2 TTCOT TrCOr

Obvem yunuHopa omHocumcs K 06vemy nucanHol 8 Heeo cgepwvi kak 3/2. Apxu-
MeO0 6bll CMONL NOMPACEH IMUM CEOUM OMKPLIMUEM, YMO 3d6eujdll 6bi2pAsUpO8ams
cepy, snucannylo 6 YunuHop Ha ceoem Hadepobnom xkamue. Cuumaemcs, ymo 6 no-
cneocmsue Lluyepon nawen mo2uny Apxumeoa umenHo nO MOMY CUMBOY 2e0Mempu-
yeckou eapmonuu (npum. Ilemyxosa C.B.).

(‘.
A AN

Bripaxenue (89) Oymem Ha3bIBaTh 0e3MACCOB8bIM NCe800-CIMAUUOHAPHIM

cmoxacmu4ecKum ypaeHeruem alzflepa'HVaCCOHCl.

JHannoe ypaBuenue (89) mo3Bousier Haiiti skctpemanb w(X,y,z,t) = w(r,t)

dbyHKIMOHaNMa yecpeqHeHHoH «ddextuBHoCcTH XBY

5, = j j j j (%w(r,t)vzwm—[e(r,to)—mlwmii%w(ht)%}dmyawt

1
¢ OajaHcOM SHEPreTUYHOCTH HCCIIEAYEMON ICEeBI0-CTAIIMOHAPHOW CTOXacTHU4e-

CKOU cuCTeMBI (68), KOTOpask U3MEHSETCS] HACTOJIBKO MEIJIEHHO, YTO B KaXIbIi

MaJIblii TPOMEKYTOK BPEMEHH MOKHO cuuTath £(X, Y, Z,1) MOCTOSHHOM.

2.8 IlceBao-cTanmoHapHoe (BpeMeHH-3aBUCHMO€) CTOXaCTHYECKoe
ypaBHenue lllpenunrepa-Jiisiepa-Ilyaccona

O6e yacTu BpeMeHu-3aBucuMoro ypasHenus Llpenunrepa

= 2
ihal//(r,t) __ h

- S VY ED+ Uy (Y, (90)

MIOJIEJTMM Ha MacCy YacCTHIIBI M U YMHOXHM Ha — 2
_ 2 e
2D Mgy - 2200 ),

m ot m m

C yuerom (25) u (51) 310 BRIpa)KEHHME IPUHUMAET BT
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oy (r.t)

2y, =2V (F,1) = 2U(F, O w (F 1) (90a)

C npyroii CTOPOHBI, €CIIM MPEAINOI0KHUTh, YTO B ypaBHeHHHU (89) mosHas

MeXaHudeckass dHepretndHocTb XbY B HayanbHbId MOMEHT BpeMEHM tp paBHa

1 13 2 o’
r,t.)=0 D==n,==., =1, =, =——, 91
e(r,t) u 3 31/ Y ,/ 37 (91)

TO 3TO YpaBHEHHE MTPHUOOPETAET BU]L

HYJTIO, T.C.

. ow(r,t _ — .
i, 20D - pviy (1,0 - 20D ) 92)

OueBunHO, yto ypaBHeHus (90a) u (92) otnuuaercs TOIBKO 3HAKAMH + Iie-
pea uX JEBOM YacThl0 M BEIMYMHOM MaciiTabHoro mapamerpa #r1. lloaTomy

ypaBHeHue (92) OyneM Ha3bIBaTh 0€3MACCOBbIM 8PEMEHU-3A8UCUMBIM CIOXACHIU-

ueckum_ypasHenuem Illpeduncepa-Junepa-Ilyaccona ¢ MHUMBIM Kod(hduiinen-

toM uddy3uu B=iD=in/3.
HamomuuMm, 4to 3HaK + win — B J€BOM 4acTH ypaBHEHHS (92) 3aBUCHUT OT

YBEIMYECHUS WM YMEHBIICHHS CO BPEMEHEM YCPEIHEHHOM IIOJIHOW MEXaHHW4e-
ckoit aneprernynoctu +de, (F,t, + At) paccmarpuBaemoit XBU [cMoTpuTe BBI-

paxenue (69)].

Humepecno ommemums, umo IOpeun Illpéouncep 3anucan ypasnenue (4")
in "Quantisierung als Eigenwertproblem, Vierte Mitteilung”, Annalen der Physik
(1926) [1] 6 creoyrowem suoe

87° Ari oy
Vyt——"=0,
e T Th

Ilepecmasum cnacaemvle 6 9mom eblpadxceHuu u yumem, umo h = hi2r,

Ay —

0
+2ih L =PV — Ny (93)
ot
Ipocnesicusaemes nonnas ananoaust (Ui noaHoe cosnaderue npu h ~ )

medicoy ocrnosHvim ypasruenuem KM (93) u ypasnenuem BCKM (92).
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3 3AKJIOYEHHUE U BbIBO/1bI

B crathe paccMOTpeHBl yCpeIHEHHBIE COCTOSIHUS YacTULbI (T.€. KOMIIAKTHOTO
Tena) 000N BETWYMHBI, KOTOpas TMOJA JeHCTBHEM (IIYKTyalluid OKpYKaroIIeH
CpeIbl W/WIIW Pa3IMYHBIX JATbHOACHCTBYIONIMX CHJI HETMPEPHIBHO XAOTHYCCKH
Omyxmaer (kKoneOyeTcsi, cMemaercsi) B 3-MEpHOM TIPOCTPAHCTBE MOJ0OHO Opo-
YHOBCKOM 4acCTHLIE.

[TocTosiHHO AporKaiee (CMeIarIeecs, KOJICOIOIeecs) Teo MPeICTaBIs-
eTcs B BHJIe XaoTwuecku Omyxmaromeid dactuibl (XbY), obnamaromeii Hempe-
PBIBHOHM TpacKTOpHeH ABUXKEHUS U 00beMOoM. [Ipu 3TOM BHYTpPEHHSSI CTPYKTypa
XBbUY ne paccmarpuBaetcs, u aedopMaiiuu ee GopMbl HE YIUTHIBAIOTCA.

K takum XBY MOXHO OTHECTH HEHTPBI MACC. BAaJCHTHOI'O 3JIEKTPOHA B
BOJIOPOJIOTIONOOHOM aToMe; KOJIEOIOMIErocss aToMa B KPUCTAUIMYECKON perieT-
K€; BOJIHYIOIIETOCS CepAlla B TPYJU >KUBOTHOTO; TPETECIIYIIETO KEJITKA B KypH-
HOM SII€; OPXAOIIEr0o MOThIJIbKA B OKPECTHOCTU TOPSLIEH JIaMIIbl; [1JIABAIOIIEH
pBIOBI B aKBaprUyMe; CMEIIAIOIIET0Cs KOMAapHUHOTO POsi; JETAIOIIEr0 KoMapa B poe,
JpOXKaIeld OpraHeuTbl B OMOJOTUYECKON KIIETKE; KOJEOMIOMecsl caMoit O1oI0-
TUYECKON KJIETKHM B KUBOW TKaHU; BHOPHUPYIOUIETO JKEIE3HOro siapa B HEApax
TUTAHETHI; ONTYKIAI0NIeH MBUTBIBI B pa30aBICHHOM CaXxapHOM CHUPOIE; MEUYIIero-
sl My3bIpbKa BO3AyXa B KUISIIEH KUIKOCTH; HIEBEISAIIErocs HSMOpHUOHa B yTpobe
MaTepH; CMEMIAIONIErocs KOCsIKa PhI0 B OKeaHe; MepPeMENIAroIerocs KOCMOHABTa
B MOJyJIe KOCMUYECKOW CTaHIMU; MYAIIECUCs TAIAKTUKH B KOCMHUYECKOM IpO-
CTPaHCTBE; TPEHEIIYIIEro [IBETKA Ha BETPY, U T.J.

Bce 3Tu cToxacTHueckue CHCTeMbI MOAOOHBI APYT IPYTy M MOAYUHSIOTCS
OJIHMM U TE€M € 3aKOHaM, C YY€TOM Pa3JIMYHBIX THUIIOB KOA(h(PHUIIEHTa TPEHUS U
BSI3KOCTH cpefibl, okpyxkaromed XbY, a Tak e IIUTEeIbHOCThIO MEPUOIA YCPE-
HEeHUs ee nmoBefeHus. Hanmpumep, 4To0bl YCPETHUTH Xa0TUYECKUE TTOJEThI MTHIIBI
B KJIETKE TpeOyeTcsi Henensl HeMpephIBHBIX HAOMIOACHHM 3a Hel; Toraa Kak Jyis

YCPECAHCHHUA XaOTHYCCKUX CMeI]_[eHI/II\/'I gAapa TaJaKTUKH OTHOCHTCIIBHO OCHOBHOM
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JIMHUM €€ JIBUKEHUS B KOCMUYECKOM IIPOCTPAHCTBE MOTPEOYETCS MUIJIMOHBI JIET
uccnenoBanuii. Ho pe3ysbTarsl Takux HaOMIOJEHUH MOTYT OKa3aTbCsl aHAJIOTHY-
HBIMHU, HECMOTPS Ha OOJIBIIYIO pa3HUIYy B MacuITabax 3TUX COOBITHH.

Jna npumepa, B [Ipunoxennn 3 TeOpeTUYECKH MPENCKAa3aHO, YTO BO3MOXK-
HbI€ YCPEIHEHHBIE COCTOSHHUS KOJEOJIOIIErocs sipa OMOJIOTMYECKON KIIETKU
NOJO0HBI JIUCKPETHBIM COCTOSIHUSIM 3-MEPHOTO KBaHTOBO-MEXaHHUYECKOTO OC-
UJUIATOpA (T.€. SJIEMEHTAPHON YacTHUIlbl, HAXOASIIENCS B aHAJIOTMYHbIX YCIOBH-
s1x). Ecnu 9T MEKpOCKONHMYecKre KBaHTOBbIC IP(EKThI MOATBEPISATCS IKCIEPH-
MEHTaJIbHO, TO Mbl MIOJYYHUM BO3MOXKHOCTb HAMETUTh IIYTH PELICHUS MPOOIEMbI
M3MEPEHUI B CTOXAaCTUYECKOM KBAHTOBOW MEXAHUKE.

B pamkax BCKM npobsemy U3ydeHHs] «YUCTBIX» COCTOSHUI MUKO-YaCTHII
IpejlaraeTcst penars ciaenyomum oopazom. Heobxoaumo HallTH (MM cMOeNH-
pOBaTh) CTOXAaCTMYECKYI0O MAaKPOCKOIIMYECKYI0 CHUCTEMY, aHAJIOTUUHYIO HCCIeny-
€MOI TMKOCKOITMYECKOH cucTeMe (T.e. XaOTHUUYEeCKH OIyKIaromeil MUKO-4acTHUIIE),
U MIPOBECTU 3KCIEPUMEHTBI C MAKPOCKOIIMYECKONW CHUCTEMOM, HE OKa3bIBasi HAa Hee
OLLlYTUMOTI'O BIMSHUSA. 3aTEM Pe3y/lbTaThl U3MEPEHUH HA MaKPOYPOBHE CIIPOEIIU-
pOBaTh Ha BO3MOKHBIE AHAJIOTUYHBIE MPOSBICHUS INKOCKOINYECKOU CUCTEMBI.

B pamkxax BCKM Takoii moaxoa K U3y4eHUIO «YUCThIX)» CTOSIHUM MUKOCKO-
MUYECKUX U MEracKolUYECKUX CHCTEM BO3MOXKEH, MMOCKOJBKY (uiocopckue oc-
HOBBI 3TOM CTOXAaCTUYECKOM MEXaHUKU YXOJISAT KOPHSAMHU B TITyOOKYIO JIPEBHOCTb
U 3IKAYTCS Ha yOSKJIEHUM, YTO Bce YPOBHU Mupo3naHus NOA0OHbI APYT IPYTY.
B stom cmeicie BCKM siBnisieTcss yHUBEpCAbHOM TEOpPHEH Il BCEX YpPOBHEH
OpraHu3aIMi XaO0TUYECKU KOJEOIoNIecs (CMemaromieiics, apoxxarie, oryxaa-
IOLIEH, IIeBeslIeiics) MaTepuu.

[TprMeHHUTENBHO K MUKO-4acTHILIaM (T.€. YacTUI[aM aTOMHOIO U cyOaTOMHO-
ro macmraba) BCKM coOTBETCTBYeT CTOXAaCTHYECKOW KBAaHTOBOM MEXaHUKE
(CKM) DOaBapna Henbcona [2]. I1pu stom ypaBuenuss BCKM (47) u (89), BbiBe-

JICHHBIE B OTOM CTaThe Ha OCHOBAaHHUM IpUHIHUIIA OKCTpEMYyMa ((B(I)(I)CKTI/IBHOCTI/I»
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XBY, ¢ TouHOCTBIO 10 KO3(D(DUIIMEHTOB COBIAIN C COOTBETCTBYIOIIMMHU YPaBHE-
nusamu penunrepa (48) u (90).

Hpyrumu cnoBamu, B BCKM «uuncras» BosnHoBor ¢yHkuuu w(x,t) — 310
JKCTpeMalib (DYHKIIMOHANIA ycpeaHeHHon « 3¢ dekTuBHOCcTH» BUX, 3anucanHoil B
KOOpPJMHATHOM MPE/CTaBJICHUU.

Croxactuueckue ypaBHeHus (47) u (89) uMmeror psja ciaeayolux NpeumMy-
LIECTB HaJ| COOTBETCTBYIOMMH ypaBHeHUs MU Llpeaunrepa (48) u (90):

1]. B paccyxxaeHusix, NpUBEACHHBIX JIJISl BBIBOJIA CTOXACTHUECKUX YpaBHeE-
Hus (47) u (89), Ha xaotudecku Omyxxaaronryto yactuiy (XbY) e Obuio Hanoxe-
HO HU OJTHOTO OTpaHMYCHHSI, KpOME OalaHCOB IMOJIHOM MEXaHHMYECKOW YHEpreTHy-
HocTH (46) u (68). To ects XBY — 310 00BIYHAS YACTHIA, UMEIOIIAs: 00BEM, Tpa-
EKTOPUIO JBUKEHUS, MECTO MOJIOKEHHS U UMITYJIbC B Ka)KJI0€ MTHOBEHHUE BpeMe-
Hu. [lpyrumm cioBamM, BBIBOJI cToxacThueckux ypaBHeHuil Illpemunrepa-
Oitnepa-Ilyaccona (47) u (89) nosyueH Ha OCHOBE «OOBIIEHHON) (KIaCCUYECKOI)
JIOTHKH C IPUMEHEHUEM TEOPUH BEPOSITHOCTEH, TEOpUU 0000IICHHBIX (QYHKIUN 1
BapHAIlMOHHOTO HUCYHUCIIeHUs (TOYHee JarpaHxena (popmanuzma).

Torpa kak 3a 95 ner, c MomeHTa nosienieHus B 1926 ypasnenuii lllpenunre-
pa, MHOTHE HMCCIeI0BaTeNN Ipejiarail pa3inyHble ciocoObl UX BBIBOJIA, OMHUPA-
SICh Ha aKCMOMBI MHOKECTBA PA3JIUYHBIX MHTEPIIPETAIlMi KBAHTOBON MEXaHUKH,
HO BCEMHU MPHU3HAHHOTO pPe3yJbTaTa TaK U He ObLIO MOIyYeHO.

K takum paboram otHocsites: Rosen, N. (1964) [13]; Nelson, E. (1966) [2];
Chen, R.L.W. (1989) [15]; Vleck, V.J.H. (1994) [16]; Yung& Jick H. Yee, (1994)
[58]; Peice, P. (1996) [17]; Ogiba, F. (1996) [18]; Briggs, J. & Rost, J.M., (2001)
[19]; Hall, M. J. W. & Reginatto, M. (2002) [21]; Gréssing, G. (2002) [22]; Inage,
S. (2006) [23]; Briggs, J., Boonchui, S. & Khemmani, S. (2007) [20]; Ward
D.W., Volkmer S.M. (2008) [24]; Ricardo, C-S. (2010) [25]; Szepessy, A. (2010)
[26]; Pranab, R. S. (2011) [27]; Field, J.H. (2011) [28]; Chiarelli, P. (2012) [29];
Schleich W.P., Greenberger D.M., Scully M.O. (2013) [30]; Nanni, L. (2015)
[31]; Barde, N.P., Kokne, P.M. & Bardapurkar, P. P. (2015) [32]; Wieser, R.
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(2015) [33]; Godart, M. (2016) [35]; Olavo, L. S. F. (2016) [36]; Baixaul, J.G.
(2016) [38]; Faycal Ben Adda (2018) [39]; Chavanis, P.-H. (2018) [40]; Wang,
X.-S. (2018) [41] u npyrue).

3a 100 yieT ”HTEHCHBHOTO TTOMCKa HAYYHOMY COOOIIECTBY TaK U HE YIAJIOCh
BbIpPa0OTaTh JIOTMUECKHU HENMPOTUBOpeurBble 000cHOBaHUs akcuoM KM. Onna u3
NpUYHH OOIIeH HEyJOBIECTBOPEHHOCTH 3aKI0OYajach B OTCYTCTBHE «KPAaCHBOTO»
BbIBOJIa ypaBHeHUH [lIpennnrepa.

2]. PegynupoBannas nocrosinaas I[lnanka (2 = 1,055-10 ° 3 JIx/T'm) orpa-
HUYUBAeT o0sacTh npuMeHeHus ypasuenuit [lpenunrepa (48) u (90), u Bceit KM
B 1I€JIOM, ONIMCAHUEM SIBJICHHI aTOMHOTO U Cy0aTOMHOTO MaciiTaba.

Jleso B TOM, YTO OTHOIIECHHKE //M, IBHO WJIM JIATEHTHO MPHUCYTCTBYIOIIEE B
ypaBHeHusax lllpenunrepa, TOJNBKO TOrAa OKa3bIBAaeTCs (PU3MYECKH 3HAUUMBIM,
KOI'Jla Macca 4acTULbl M oueHb Majia (HalpuMep, CUUTAETCsl, YTO Macca IOKOs
aiexkTpoHa Mme = 9,109- 103 KT).

Torma xak o01acTh MpUMEHEHHS cTOXacTUYecKux ypaBHeHuil [llpenunrepa-
Oitnepa-Ilyaccona (47) u (89), HuueM He OrpaHUYCHA.

YroObl ucnonb3oBath ypaBHeHus (47) u (89) mns onucaHus yCpeTHEHHBIX
COCTOSIHUH JIF0OOH M3 BBILIETIEPEUHCICHHBIX CTOXAaCTUYECKUX CUCTEM HEOO0XOaM-
MO OLEHUTh MX MaciuTaOHbIi mapametp #r (41). g 3Toro Hy’kHO Ha OCHOBE JI0-
CTaTOYHO JUIMTENbHBIX HaOMIOAeHUN 3a 1eHTpoM macc XbY ompenenuts cral-
JAPTHOE OTKJIOHEHUE Oy U UHTEPBaJl aBTOKOPPEISILUH Ty cor TPEXMEPHOT'O CITy4aii-
HOTO Ipoliecca, B KOTOPOM 3Ta YacTHIlA y4acTBYET.

B xauectBe npumepa B IIpunoxeHnn 3 nmoka3zaHa BO3MOXXHOCTb ITPHMEHE-
HUsl 0€3MaccoBOro CTAallMOHApPHOIO croxactudeckoro ypaBHeHus lllpeaunrepa-
Oitnepa-Ilyaccona (47) nns modydeHUs: KBAaHTOBBIX YHCEN, XapaKTEPU3YIOIIHUX
BO3MOXKHBIE YCPEJIHEHHBIE COCTOSTHHM Xa0THYEeCKH KoyeOonierocs sapa Ouoso-

THYECKOM KIIETKHU B nepuon I/IHTep(baSBI.
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3]. Croxactuueckoe ypaBHeHue (47) MPUMEHHUMO TaKXKe JUIsl ONMUCAHUS
YCPEIHEHHBIX COCTOSHUI Xa0THUYECKH TePEMEIAIOIIErocs IIEHTpa Mace 3JIEKTPO-
Ha B OKPECTHOCTH SiApa BOJOPONONOAOOHOTO aToma. Ecnu B pesynbrare cTaTtu-
CTHYECKOW O0Opab0OTKM KOCBEHHBIX HAOJIOJCHUN 3a XAOTHYECKUM IIOBEICHUEM
BAJICHTHOTO \3JIEKTPOHA B TAKOM aTOME BBIICHHTCS, YTO €ro MacIiTaOHBIN mapa-

METp paBeH

2 34
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ercor e
To ypaBHeHus (47) u (50) mist JaHHOTO ciay4as OKa)XyTCsl MPAKTUYECKU MOTHO-
CTBhIO PKBHBAJIIEHTHBIMU. B 3TOM cMbIciie cTanoHapHoe (T.e. BpeMEHH - HE3aBU-
cumoe) ypaBHenue llpeaunrepa (50) MokHO paccMaTpuBaTh Kak YaCTHBIA CIy-
yail crallMoHapHOTO croxactuueckoro ypaBuenus Llpenunrepa - Ditnepa - [lyac-
coHa (47).

4]. B ypaBuenusx Ilpeaunrepa (48) u (90) sIBHO WM JATEHTHO MPHUCYT-
CTBYET Macca 3JIEMEHTAPHON YacCTHUILbl, KOTOPYIO B IPUHIMIIE HEBO3MOXKHO HEIO-
CPEICTBEHHO U3MEPUTH IIOCPEICTBOM MaKPOCKOIIMYECKUX CPEJICTB U3MEPEHUH.

Torga xak B croxactudyeckux ypaBHeHusx lllpenunrepa-Oiinepa-Ilyaccona
(47) u (89) orcyTcTBYeT Macca 4acTHIbL. [Ipy 3TOM CTaHIApPTHOE OTKIOHEHHUE O U
MHTEPBAJl aBTOKOPPEISALUH Tr cor TPEXMEPHOTO CIIy4alHOIO IMpolecca, B KOTOPOM
yuactByeT XbY, Bcerga MoOryT ObITh OILIEHEHBI UCXO/s U3 CTaTUCTUYECKOM 00pa-
OOTKM pe3ysIbTaTOB JAOCTATOYHO JJIUTENbHBIX HAONIOJEHUN 3a MPAKTUYECKU JIIO-
0oii cToxactuueckoit cucremHol. [lodTomy croxactuyeckue ypaBHenus (39),
(47), (89) u (92), nonyueHHbIe B 3TOH CTaThe, MOTYT OBITh MPUMEHEHBI IS HC-
CJIeIOBaHMs KBAaHTOBBIX SIBJICHUM J1F0O0T0 MaciiTada.

BCKM mpencka3piBaeT, 4TO MHOTHE CTallMOHAPHBIC CIyYaiHBIE MPOIECCHI
(B KoTOpBIX yyacTBYIOT XbY) UMEIOT BO3MOXKHOCTB IE€pexo/ia U3 OJJHOrO CTaluo-
HApHOTO COCTOSIHHMSA B JPYroe C TOTJIOIIEHHEM HJIM BBICBOOOXKJICHHEM OIpejie-

JIEHHOW YaCTH MOJIHOW MEXAHUYECKOU «IHEPTrETUYHOCTI.
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OTO HECJIOKHO MPOBEPUTH, HAIIPUMEP, HA MOTEJIBKE, IIOCTOSIHHO XaoTHUYe-
CKH JIETAIOLEH BOKPYT CBATALIEecs jJamibl. C MOMOIIBIO BUICOKAMEPhl MOXKHO
JI0JITO CHUMATh €r0 XaoTH4ecKkue nepeMenieHus. Eciu 3aTeM nIpoKpyTUTh BUAEO-
3aIllUCh C 0OJIBIION CKOPOCTBIO, TO HA 9KpaHe He OyJeT BUJHO MOTbUIbKA, a OyneT
YCTOMYMBOE pa3MbITOE TEMHOE MATHO, KOoTOpoe oTpaxkaer PIIPB Mecra Haxox-
JeHus ero nenTpa macc. ClieayeT 0)XuaaTh, 4YTO €CIM MOThIIbKA HUYEM He OecIio-
KOHUTb, TO Pa3MbITOE IATHO OyneT HarmomMuHaTh Tayccopy ®IIPB ¢ HanbGombimmm
3aTEMHEHUEM B OOJIacTH LeHTpa jamnodkd. OJHAKO eciy Ha MOTbUIbKA Kak-
HUOYIb SHEPreTUYECKU BO3AECHCTBOBATh, HAIPUMED, TEIUIOM UJIH YIIBTPAa3BYKOM C
OIpEICIEHHOM 4acTOTOM, TO €ro yCpEeIHEHHOE MTOBEAEHUE MOXKET PE3KO (CKauKo-
00pa3no) m3meHutcs. [Ipu 3TOM pa3sMbBITOE MATHO MOXKET MOMEHSTHh KOHPHUTypa-
LIMIO HA YCPETHEHHOE KOJIbLO WM HAa YCPEIHEHHYIO BOCBMEPKY U T.JI.

Takxke LEeHTp Macc LBETKa B 3aBHCHUMOCTH OT MHTCHCHUBHOCTH IIOPBIBOB
BETPa MOXKET B CPEJAHEM OIUCHIBATD MPSIMOU OTPE30K, UM KPYT, WM JJUIUIIC, WIH
BOCBMEPKY WM JIpyryto purypy Jluccaxy.

AHasiornysele 2-MepHble U 3-MepHbIe KBAaHTOBbIE 3()(EKThI MPOSBIAIOTCS Y
Bcex XbY moboro macmraba. B 3Tom conepxutcs ocHOBHas ujaes 6€3MaccoBoil
croxacTuueckoi kBaHTOBOM MexaHuku (BCKM): — «U3yuas croxacTuueckue
00BEKTHl MAKpOMUPA OOBIYHBIMU (HACTOJIBHBIMU) METO/IaMU, Mbl OJTHOBPEMEHHO
MOXEM TMOJY4YUTh HH(pOpMaIMI0 000 BCEX MOJOOHBIX OOBEKTaX MHUKPOMHUpPA H
HEOECHBIX TeJI KOCMHUYECKOro MaciTala.

[IpensioxkeHHBIN B JaHHON paboTe MOAXOJ MO3BOJUI BBIBECTH YPaBHEHUS
HEPESATUBUCTCKOM 6e3MaccoBoi cToxacTuueckoi kBaHTOBOM MexaHuku (BCKM)
(39), (47), (89), (92) ucxoas M3 MPUHIIUIIOB B KOPHE OTIUYAIOIINXCS OT UACHHBIX
YCTOEB COBPEMEHHBIX HHTepnperanuii KM: komeHrareHckoil, MHOrOMHPOBOH
COTJIACOBAHHBIX XPOHOJIOTUH, JEKOTEPEHIIMU U T.[l., HO MaTeMaTHYECKHUH ammapar
BCKM oka3ancst NoJIHOCTBIO aHAJIOTMYHBIM MaTeMaTnyeckoMy annapary KM.

Cyns o BceMy, MojI00HBIM 00pa3oM MOTYT OBITh MOJYYEHbI MHOTHE JpY-

M€ ypaBHEHUs KBAHTOBOM Teopuu MoJisl, HanpuMep: ypaBHeHue Kieiina-doxka-
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I'opnona, ypaBHenue [lupaka, ypaBHeHus Makcsemia u T. 1. Bo3aMoxHO, 4TO ai-
TOPUTM MX BBIBOJIA aHAJIOTHYEH MMOAXO0Y, IPUBEICHHOMY B JaHHOM pabore:
1) 3ammchIBacTCs NETEPMUHUCTCKOE JICHCTBUE CUCTEMBI;
2) W3 JCUCTBUs CHCTEMBI M3BIICKAETCS Macca M Hoiydaercs <«d(GQeKTUB-
HOCTB) 3TOI CHCTEMBI;

3) 3¢ (heKTUBHOCTH CUCTEMBI YCPEAHSCTCS;

4) Bce yCpeIHEHHBIE CllaracéMble B MOJBIHTEIPAIbHOM BBIPAXKEHUU YCpEN-
HEHHO# «dddexTuBHOCTH» MpeacTabistorcs yepes PIIPB p(x);

5) IpPOU3BOAUTCS NEPEBOJ BCEX cCiaraeMbIX JIarpaHXKHaHa yCpeIHEHHOU
«3(h(HEeKTUBHOCTH) CUCTEMBI B KOOPAWHATHOE MPEICTABIICHHE;

6) ompenensieTcss ypaBHEHHUE JJIsl SKCTPEMANH MOTyYUBIIETOCsS (PYyHKIIMOHA-
J1a IOCPEICTBOM METO/I0B BaApUALIMOHHOTO HCYUCIICHUS.

He uckirodeHo, 4To NajabHEMIIME UCCIENOBAHUS MOATBEPAAT CIPABEIIM-
BOCTb JAHHOTO I10/1X0/1a K BBIBOJly YPAaBHEHUI TEOPUU TOJIS.

3HAYUMOCTb NPUBEJIEHHOTO 3/I€Ch BBIBOJA CTOXACTHUECKUX YpaBHEHUM
BCKM 3akirouaercs B CIEAYIOIIEM:

- CTAaHOBHUTCS MOHATHBIM, K KAKUM SIBJIEHUSIM MUKPO- U MaKpOMHpa JaHHBIE
YpaBHEHHUSI OTHOCSTCSI, KAKOBBI TPAHMIIbI U YCIIOBUS X MPUMEHEHUSI B 3aBUCHUMO-
CTH OT MaclITaboB pacCMAaTPUBAEMBIX COOBITUH.

- OoTIaja HeoOXOIMMOCTh B NMPUBJICUEHUH IIPUHIIUIIA HEONPEAECTEHHOCTI
['eiizenOepra u npejncTaBieHUil 0 «BOJHAX MaTepun» e bpoiis, NocKoNbKy mpu
BBIBOJIC cTOXacTudeckux ypaBHenuit (39), (47), (89), (92) nonydyena u npumMeHeHa
npouenypa (I11.50) — (I11.54) moIHOCTHIO aHAIOTHYHAS TIEPEXOY OT KOOPAHHAT-
HOTO NPEJCTaBICHUS K UMITYJIbCHOMY, U HA000pOT, ONMUPAsiCh TOJIBKO HA aHAIN3
CBOMCTB CIy4alHOTIO IIpolecca.

- OTHOLLIEHUE //M ompeensercs yepe3 AUCIEPCHIO U HHTEPBal KOPPEIsLun
UCCIIeIyeMOTro CTallMOHapHOTo cirydaitHoro nporecca (41) wiu (I11.49). TToatomy

croxactuyeckue ypaBHenus Llpenunrepa-Diinepa-Ilyaccona (39), (47), (89), (92)



34 M. C. baranos - ['ayxman

HC COHACPKHUT «MaACCY» YaCTUIBI m, KOTOPYKO BO MHOI'MX ClIy4dasAX B IIPUHIUIIC
HEBO3MOXXHO OIPEICIUTh.

«Macca» sBiseTcs (no MHeHulo agmopa) ONHOU U3 CaMbIX «TE€MHBIX» pa3-
MEpHBIX BEITMYUH COBPEMEHHOH (M3UKH. B OKOHYAaTeNbHON TeOopHH, M0 MHEHHIO
aBTOpA, MOHATHE «MAacca» JIOJDKHO OTCYTCTBOBATbh, M JAHHAS CTAThs — 3TO OJIUH
M3 [IaroB B HAIIPABJICHUU HCKOPCHCHHA 3TOI'0 INOHATUA U3 HAYYHBIX ITPEACTABIIC-
HU 00 okpykatomiel PeansHocTy.

- BO3BpAIAIOTCA K PACCMOTPEHUIO 00BEM M TpaeKTopus Onykaaromien da-
cruipl. BMecre ¢ HUMH Qu3nKa MEKpOMHUpa B HHTepnpeTanuu Jasapaa Hemsco-
Ha BHOBb IPUOOPETACT MPUBBIYHYIO JJOTHUECKYIO (IIOYBYY.

Haneemcs, uto ecam 3Ta paboTa OyAeT THIATENHFHO NPOAHAIU3UPOBAHA U
NPUHITA HAYYHBIM COOOIIECTBOM, TO 3TO IO3BOJMT HE TOJBKO BBIYUCISATH BEPO-
STHOCTHBIE UCXOJIbI CTOXaCTUYECKUX MPOLIECCOB, KAK MUKPOMHpA, TaK ¥ MaKpo-
MHpa, HO U 3alyMaThCsl HaJ BHYTPEHHEH CYTHIO ATHX IPOIECCOB, KaK MpeyIarail

AnpbOept DiiHIITENH B cniopax ¢ Hunscom bopom.
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Ipuaoxenue 1

I11 Onpenenenune ®ITPB npousBoaHoii nupdepeHUpyeMoro
CJIy4alHOro nmpouecca

Omnpenenenue crnoco0a HaXOXKACHUS (YHKIMU IJIOTHOCTH PacHpeieieHus Bepo-
stHoctu (PIIPB) mpousBogHo# ciaydaiiHoro mporecca npu u3BectHoii OIIPB
€aMoro 3TOro Ipouecca ABJISETCS KIHYOM K IIOHUMAHUIO CTOXACTUYECKOW KBaH-
TOBOM MEXAHMKHU M IPaHUL] €€ IIPUMEHEHUs. Pelmenue naHHOoU 3a1a4u 1103BOJIAET
000CHOBaTh KBaHTOBO-MEXAaHUYECKYIO IMPOLEAYpPY Mepexoaa OT KOOPIAUHATHOTO
MPEJICTaBICHUS K UMITyJIbCHOMY MPEACTABICHUIO, 1 HA000POT, O€3 MpUBICUCHUS
TUIIOTE3bI O CYLIECTBOBAHUM BOJIH MaTepuu Jlyn ne bpoitns.

OTO CTAaHOBUTCS BO3MOXKHBIM B CHILY TOTO, YTO UMITYJIbC YACTUIIbI TUHEHHO
CBSI3aH C IPOU3BOAHON OT ee KoopauHatsl. Hanmpumep, x-cocTapisomas BEKTopa
UMITyJIbCa YaCTHUIIbl, ABMXKYIICHUCS B HAMPABICHUU OCH X CO CKOPOCTBIO Vi, CBsI-
3aHa ¢ MepPBOM MPOU3BOIHOM MO KOOPAUHATE X COOTHOIEHUEM

px=mVy =m Ox/ot = mx". (T11.1)

PaccMoTpuM HeckolbKO peanu3anuii cirydaitnoro npouecca £(t) (puc. I11.1)
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Puc. II1.1. Peanmuzauuu auddepeHuupyemoro ciyuaiinoro mporecca &(t). JlanHsle peanusanuu
MO>KHO MHTEPIPETHPOBATh, HAPHMEpP, KaKk U3MEHEHHS CO BPEMEHEM MPOEKIMH MeCTa HaXOxuie-
HUs Oy aaroreid yactuibl Ha och X (puc. 1), T.e. X(t) = &(t)

B o6mem crmyudae 3TOT mpoliecc HeCcTallMOHApHBINA, HO Oy/leM HCXOIUTh U3
TOTO, YTO BCE YCPEAHEHHBIE XapaKTEPUCTUKU 3TOTO IMpOIEcca B CEUEHUH lj He-
3HAYUTENILHO OTJIMYAIOTCS OT aHAJOTUYHBIX €T0 YCPEIHEHHBIX XapaKTEPUCTHK B
ceyeHnd tj. To ecTh moTpedyeM, 4TOOBI BCe HaYaJIbHBIE M LIEHTPAIbHBIE MOMEHTBI
ATOrO Mpoliecca B CeYeHHMH i ObLIM MPUOIMKEHHO PaBHBI COOTBETCTBYIOIIMM

Ha4aJIbHBIM M ICHTPAJIbHBIM MOMCHTaM B CeueHUH {j npu 7 =1; —{; cTpemsiemy-

cs k Hymo. Hanpumep,

Et)~&(t); &)= () nrn (I1.2)

JlpyruMu croBaMH paccMaTpHBaeMBbli ciydaiiHbIid npouecc &(t) mubo cra-

[IMOHAPHBIN (B Y3KOM CMBICIIE), THO0 030K K HeMy. OHAKO B KaXKJIOM CEYCHHUH

tn Bce ycpeaHEeHHBIE XapaKTEPUCTUKU TaKOTO MPOIIECCca OCTAIOTCS HEU3MEHHBIMHU.
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st ynobcerBa OyeM Ha3bIBaTh TAaKOH MPOIIECC «IICEBIO-CTAI[MOHAPHBIM CITydaii-
HbIM nporieccom» (ITCCII).
Bce BeiBoab! 1 3akitoueHus B otHoweHuH [1CCII, caenanHbie B 3TOM IIpu-
JIO’)KEHHH, OTHOCSITCS ¥ K CTallMOHapHOMY citydaitHomy miporieccy (CCII).
OTmeruM BHaudaje ooOmue cBoicTBa mepBoii nmpousBoanoit IICCIT &(t). U3

peanu3anuii Ha puc. [11.1 BugHO, yTo Benmuunubl £(fk) B ceuyeHnu ty 1 MpoOU3BOI-

o&lt
HBIE 9TOT0 ITPOLECCa B TOM XK€ CEUCHUU £'(t, ) = Lk) SIBJISIFOTCSL HE3aBUCUMBIMU, a
ot

CJICA0BAaTCIIbHO, U HCKOPPCIMPOBAHHLIMU, CHy‘I&ﬁHLIMH BCIMYHMHAMM. I[aHHOG

YTBEPXKJICHHE MOXKET OBbITh BHIPAKEHO aHanuTHuecku [ 18]

<£l)0)> = < L2 > = 2 S <[ > =0, Ly

rae < > 03Ha4aeT yCpeOHEHME IO pealu3alusaM. 3AeCh Y4TEHO, YTO OIepaluu
TuQepeHIMPOBaHUS U yCPEIHEHHSI B JAHHOM CIIydae SIBJISIOTCS KOMMYTaTHB-
HBbIMU, U 4TO Bce ycpenHeHHble xapaktepuctuku [ICCII B kaxxaoM ero cedeHuu

2
SABJIIFOTCS MMOCTOSAHHBIMU BCIIMYMHAMU, B TOM YUCIIC < [g(tk )] >= const.

OpHako fgaxe MpH CTaTUCTUYECKOH HE3aBHCHMOCTH CIy4aillHBIX BEIHMYUH
E(ty) = & m &7 (k) = & nekas cBsa3b Mexay PITPB p(&) u ®ITPB p(&”) cyiecTBy-
eT. DTO BBITEKACT M3 W3BECTHOM mpolenypsl nonydenuss OIIPB p(¢%) npousson-

HOM Ipu u3BeCTHOM nByxMepHOU PIIPB ciydaliHoro cramuoHapHoOro mporecca

[42, 43]

plé & )=plé tiét) (I11.4)
Jlist atoro B BeipaxeHuu (I11.4) HeoOXoaUMO cenaTh 3aMEHY MepEeMEHHbBIX
T !. T /. T . T
§i:§k_§§k1 fj:§k+E§k’ ti:tk_E’ tj:tk+§v (I11.5)

j .
L ¢ sxo6uaHoM npeoGpazosanus [J] = 7.

e 7=t t =

B pesynbrare u3 ®I1PB (111.4) nonyunm
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pz(égkifl:)z ITi_r]ngz(fk _%éﬁ:' t, _é; Sk +%§|:, t, +%J (I11.6)

Hanee, WHTErpupys MOJYUYEHHOE BBIpAXXEHHE MO Ck, HaWJIEM HCKOMYIO

®IIPB npou3BoaHON HCXOAHOIO Mpoliecca B ceueHud ty [42, 43]:

P& = [ P& & )dé,. (IL.7)

dopmanbhas nporenypa ([11.4) — (I11.7) mo3BossieT peluTh 3a71a4dy ornpe-
nenenust OIIPB p(¢”) npu uzBectroit nByxmepuoit ®IIPB (I11.4). OxHako AByX-
MepHble PIIPB omnpeznenens! 1 OrpaHM4eHHOrO KJIacca CIIy4alHbIX IIPOLIECCOB.
[ToaToMy HEOOXOIUMO paccMOTPETh BO3MOXKHOCTh mostydenust ®I1PB p(&7) npu
u3BectHo ogHOMepHOi DIIPB p(¢&).
JIns pereHust HOCTaBICHHOW 3aJauil BOCIIONB3yeMCs CIIEIYIOLIMMHU CBOM-
CTBaMH CITyYaiHBIX IPOLIECCOB:
1. AByxmepHast ®IIPB moboro ciay4aifHOTO mporecca MOXKET OBITh Mpej-

craBiieHa B Buje [42, 43]
P(egi'ti;é:j’tj)z p(éi'ti )P(§j1tj /gi’ti)’ (I11.8)
rae p(&, /&, ti) — yenosnas ®ITPB.
2. Mnsa I[ICCII cnpaBeyiiBO MPUOIMKEHHOE TOXKIECTBO
p(éi'ti)zp(gj’tj)' (I11.9)
3. Ycnosnaa ®IIPB cinywaiinoro mpomecca mpu t = tj — tj ctpemsameriics x

HYJIFO BBIPDOXKIACTCA B ,Z[eJ'IBTa-(i)y'HKLII/II-O
lim p(¢,.t; /&,.t,)=8(¢, - &) (ITL.10)

Ha ocHOBaHMM BBIIENIEPEYNCIIEHHBIX CBOWCTB, IPENapUpPyeM CIydanlHbIN
npouecc Ha ydacTtke [t = ty— v/2; tj= ty + 7/2] npu ¢ — 0 nmocpencTsom cneayro-
et popMaabHON MPOLEAYPHI.

®IIPB p(&) = p(&iti) B ceuennu t; u OIIPB p(&) = p(&.tj) B cevennn tj Bce-

I71a MO’KHO MPEJCTaBUTh B BHJIE€ TPOU3BENCHUS ABYX (YHKIMI
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&) =pl&ol&)=0"(&), (T1.11)
P& =oles ol )= 07(5)),
rae ¢(&) — mIoTHOCTh aMIuIUTy a6l BeposstHocTh (ITAB) ciaydaiiHo# BenuuuHbI &

B ceuenud ti; ¢(&) — IIAB ciryqaiinoli BennuuHsl & B ce4eHHUH t;.

g IICCII cnpaBeyuBo MpUOIMKEHHOE BbIpaKEHUE
o(&)~ ol&;). (I1.12)

B YeM JIETKO yOeUThCS, B3sIB KBaJApaTHBIN KOpeHb 0T 00eux vacteit (I11.9).

Jns CCIT npubmmxennoe cootnomenue (I11.12) cranoBuTcst paBeHCTBOM
o(&)=0l¢)), (IT1.12a)

Otmetum, yto npubnmxenHoe Boipaxenue (I1.1.12) npu 7 — 0 mns 601b-
IIMHCTBA HECTALMOHAPHBIX ciay4ailHbx mpoueccos (B Tom uncie s [ICCII) tak

K€ TIPEBPAIAETCs B PABEHCTBO
& t)=lmole;, t, =t +7). (IT1.13)

[Mpu Bemonuenun ycnopus (I1.1.12) Beipaxkenune (I11.8) moxeT ObITH mpe-

CTaBJICHO B CUMMCTPHUYIHOM BUIC

plé.&)= (& )pls 1£)elE)), (ITL.14)
rae p(& /&) — yenosnas OITPB.

3anumem (I1.1.14) B pa3BepHyTOM BHIIE

T T
p|:‘§i!ti =1, _E1§j’tj :tk+§:|z

(I11.15)
T T T T
z|:§i1ti =tk _E}P[éj’tj :tk +E/‘§i’ti =tk _E:|¢[§j’ti =tk +Ej|

Yerpemum B Boipaxkenun (I11.15) 7 x Hymr0, HO TakMM 00pa3oM, YTOOBI
JTAHHBIM MHTEpBaJl PaBHOMEPHO CJIEBA U CIIPaBa CTATHBAJICS B MOMEHT BPEMEHHU

te= (tj— t;))/2, Torga ¢ yaerom (I11.10) u3 (I11.14) noryunm TOYHOE PaBEHCTBO
lim (& &) = liml(&) p(&; 1 E)0(E)) = p(E)3(E ~E)0(Ey),  (TL.16)
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rae ik — pe3ysbTaT CTpeMIIeHHs ciydaitHoi Benuumubl C(fj) K cinydaiiHOW Benu-
upne &(tx) cnea; Cjk — pe3ynbTaT cTpeMieHHs cirydaiitnoi BenmunHbl C(f) K ciy-
vaiinoi Benmuune &(tx) crpasa.

[Ipounterpupoas 06e gactu BoipaxkeHus (I11.16) mo ik u &, momyanm

oSN o}

I J.¢(§ik)5(§jk _§ik)¢(§jk)d§ikd§jk =1 (IT1.17)

Zo

Bripaxenne (I11.17) sBnsiercst popMalibHBIM MaTEMAaTHYECKUM TOXKJIECTBOM
U3 TEOpHH OOOOLICHHBIX (DYHKIMHA, YYUTHIBAIOUIMM CBOICTBA JeNbTa-(pyHKIUU
(0-pynkrmun). st Toro, ytoObl HamouHUTh Beipaxkenue (I11.17) duszmueckum
coJiepKaHueM, He00X0AUMO 3a/1aTh KOHKPETHBIN BUJ 0-()yHKIIMH.

Onpenenum Buj 0-GyHKIHN TSI MApPKOBCKOTO CIIydaifHOTO mporecca. Pac-
CMOTPHUM HEIPEPBIBHBIN CIIy4alHbIA MAPKOBCKHUH IPOLECC, JUIsl KOTOPOro CIpa-
BesIuBO ypaBHeHHe Dokkepa - [lnanka

ap(é:j &) _ Bazp(fj &)
ot O&E?

: (I11.18)

rae B — koadunuent nuddysun.
D10 nuddepeHnanbHOoe ypaBHEHHE MapaOoIMuecKoro THUIA UMEET TpU

pEIICHHSs, OJTHO U3 KOTOPBIX MOXKET OBITh MpeJCTaBlIeHO B Bue [42, 43]

plé 1 6.t)= % [expfia(e, -&)-a’B(t, -t)}da,  (111.19)

rae ( — 0000meHHas 4acToTa.

Ipu r =tj—t; — 0 n3 (IL.1.19) nomyunm o1HO U3 onpeneseHui o-QyHKINN

Iri_r)r(} p(‘fj /é:i) = % J‘eXp‘GQ(fjk _é:ik)}dq = 5(51' _é:i)' (I11.20)

IlockonbKy OanHblil pe3yibmam noayyeH 0s npedeavHoco cayuas v — 0, mo
He uckadero, umo o-gyuxyus (I11.20) moocem coomeemcmeosams He MONbKO
OUGDPy3UuOHHOMY MAPKOBCKOMY CVHAUHOMY HPOYECCY, HO U MHOSUM OPYeUM CMa-
YUOHAPHBIM U HECMAYUOHAPHBLIM CAYYAUHLIM npoyeccam. Jpysumu crosamu
MOJCHO ObLIO cpa3y npeononoxcumv ymo o-@yuxkyus oas [ICCII umeem 6uo
(11.1.20) ne obpawasice k ypasuenuio @oxxepa - Inanka (11.1.18).
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[ToncraBuB nmomyuennyto o-¢pynkuuto (I1.1.20) B Beipakenue (I1.1.17), mo-
JTy4uM

o0 0

I J.¢(§ik) {% J.eXp{iq(SEjk - & )}q :|¢(§jk)d§ik dé:jk =1 (Im1.21)

—00 —00

[Tomensis B (I11.21) mopsiiok UHTETPUPOBAHHMSI, UMEEM
o1 . 1 %
Jiﬁ J.(D(éik) exp{-iqé, Jd&, ﬁ J.(p(éjk) EXp{'qéjk )d gjk }dq =1. (I11.22)

VYurem, uro cornacHo (111.13), mis [TICCIT u CCII BBINOJHSETCS YCIOBHE

@(&i) = @(&ik). Moaromy Beipakenue (I1.1.22) npuHnMaet Bux

[o@¢' (@dg=1 (111.23)

e o0)= = [ (&) eplias s, (111 24)

*

7 (0)= o= [oE) emliasos, (111.25)

IompiaTerpanshoe Boipaxerne ¢(0)¢ (4) B unrterpane (I11.23) oreuaer

BceM TpeboBanusm OIIPB p(q) ciayvaitHON BeTMUYHHBI (:

p(9) = p(9)e" (@) = |p(a)|". (I11.26)

BeoisicHuM Teneps, 4To npeacTaBiseT coOoi ciydaiiHas BeTu4uHAa (.

OcoOeHHOCTH paccMaTpUBaeMO CIy4alHOro mpoliecca HakIaJbIBalOT Ha
0000IIEHHYIO YacTOTY (] ClIeAYIOIINE OTPaHUYEHUS:

1) g nomKHA OBITH CITyYaliHOW BETUUUHOM.

2) cnyvaiiHasi BETMYMHA ( JTOJDKHA XapaKTepU30BaTh CIy4allHBINA MPOIECC B
uccieayeMom unrepsaie ¢ = tj— t; (puc. I11.1) npu v — 0;

3) BCJIMYMHA ( JOJIKHA MPUHAIIC)KATH MHOXXECTBY JEHCTBUTEIIBPHBIX YHUCEN
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(9 € R’), umeromeMy MOIIHOCTh KOHTHHYYMa, T. €. ( JOJDKHA MMETh BO3MOX-
HOCTb NIPUHUMATh JIF000€ 3HaU€HHUE U3 JHarna3oHa |— oo, oof.

Bcem Tpem TpeGOBaHMSM YHOBICTBOPSIOT Jt00ast U3 CIEAYIOUIUX Cilydaii-
HbIX BennmuMH, cBsi3aHHBIX ¢ [ICCII (umu CCII) Ha uccneryeMoM BpEMEHHOM MH-

TepBae 7.

r_ aé:k "__ a2§k (n) _ angi
= ,éi——at ey & __6t” .

Opnaxo 3tu cinydaiiabie BenuunHbl XapaktepusytoT [ICCII (nau CCII) He B

& (I11.27)

paBHOI creneHu. PaccMoTpuM oHY U3 peanuzanuil MCCIeAyeMoro Ipolecca.

®ynxuus &(t) (puc. IT1.1) B unteppane 7 =t; —t; Ipu 7 < Tyop (TAE€ Txop — HHTEPBAT

KOppeJSIINK CIIYy4aiiHOTO Mpollecca) MOXKET ObITh pasiiokeHa B psa Teitnopa-

Makxkiiopena
" (n)
é(tj)zf(ti)+§'(ti)r+¥rz+...+§T$ti)2'”+... (I11.28)
Banumem Beipaxkenue (I11.28) B cienyroriem Bue
L _E " (n) _n-1
ﬁ:g‘i’+ér+...+§‘—r+... (I11.29)
T 2! n!

re £(t)=&, &lt;)=¢;.
Tak xe kak B (I11.20), ycrpemum 7 K Hymo, npu 3tom (I111.29) cBoauTes k

TOXJIECTBY

lim 21" _ & (I11.30)

70 T

rae &, = f(tk) (cmotpuTe puc. I11.1).

Takum 06pa3om, €eTMHCTBEHHOM CIy4aiiHOW BETMYUHOM, YIOBJIETBOPSIONICH
BCEM BBILIENIEPEUNCICHHBIM TPeOOBAaHUSAM HA UCCIETyeMOM BPEMEHHOM HHTEp-
Basie [ti = ty— v/2; tj= t+ /2], npu v — 0, sABiIseTCA NepBasi IPOU3BOAHAS UCXOJI-
HOro ciydvaitHoro mporecca &k = &'(tk) B ceuennn tx . Ciie0BaTeNIbHO, OCTACTCS
MOJIOKUTh, YTO ciiydaiiHas BenuuuHa ( B BelpakeHusx (I11.23) — (I11.26) nuneit-

HO CBs3aHa TOJBKO C &k, T. €.
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q="°k,
n

rae 1/n — pa3MepHbIi KOAQPHUIUEHT MPONOPIHOHATEHOCTH.

(T11.31)

Jlonoanumenvuolil_apeymenm. Kaotcoou JOKCNnoHenme, Hanpumep, u3z uHme-

epana (I11.24) coomeemcmayem eapmonuyeckas yHkyus ¢ 4acmomoti Q

exp{-igs(t)}— & (t) = 4sin(qt),

(I11.32)

9MO 00HA U3 2APMOHUYECKUX COCMABIAwuUx ciaydanozo npoyecca &(t). Ilpu

IMOM KAXMCOOU yacmome g, 6 ceoro 0’{€p€0b, coomeemcecmeyem MmAaHeeHc yeia

HAKIOHA KACAMENbHOU AUHUU K ZapMOHu'{eCKOlZ ¢yHKLﬂlM C OAHHOU Y4aAcmomou

(puc. I11.2), mo ecmv ( ~ tga= &E(t). Heuicmseumenvro, npooupgepenyuposas

eapmonuyeckyio @yuxyuio (I11.32), noryuum ceasv & (t) =gAcos(qt) , omxyoa

cnedyem

q= m—gk’ =§—k’.
-0 Acos(qt) A

Ipu A = n, evipaxcenus (I11.31) u (111.33) cosnadarom.

1 f
0.5
ok
—ost / p
I Z 1 N 7 N
- 10 -5 7/ o 5 10
\ \ \ ] P
oskt | [ \ \ { \ f l“
R [\ [\ \ i\ [ '
I 1 J J
or \ I‘ \ / ‘| \ { \ / I\ J -1
Y A U A U R U
1 ] ! J |
-osp 4 f \ . Yol
\ \ f \ /
_ \ 3/ \ \/
- 10 -5 5 10
1 f '\I “" \ LA N f 'HI A
J 1 |3 | [ f |
0.51 “' ‘I[ ‘\I \ { ‘II |I lll "‘ ‘I‘ I‘ ‘\' 1
| | | |
L T B A | S A R A S
1
o [V [V ViV LT
) l v 1
[ T O vt v
-03 HH' / "| wl 1 \ I' |'I \ ‘| \I | #.‘
\ f \/ \ \ L \ \/
=10 -5 5 10

(111.33)

Puc. I11.2. Yem Gosnple 9acToTa rapMOHMYECKOW (QYHKIMH, TeM OOJIbIIE yrol a MeXay Kaca-

TENILHOM K 3TOW (YHKIMHU U OCBIO {
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[Moacrasmss (I111.31) B (I11.23) — (I11.26), mosty4um clneayrouIyr0 HUCKOMYIO
nporenypy noaydenus OIIPB npoussBogHoii p(E't) mceBao-CTallHOHAPHOTO CIIy-
garinoro mporiecca (ITCCIT) &(t) B moOom ceueHuu ty mpu U3BECTHOM OTHOMEPHOI
@IIPB p(&t) B TOM ke ceueHHu:

1. Bamannas oxnomepuas OIIPB p(¢&t) mpencrasisiercst B BUe MpOM3BEIE-

uus 18yx [TAB ¢(&):

pED) =0l hels 1), (I11.34)
2. OcymiecTBsA0TCS J1Ba MpeodpazoBanus Oypwe
’ _ L K '
PN = Lco(f,t) exp{i&'s /e, (Im1.35)
! _ 1 i _' !
PHEN= T j o(& D exp{g s /s, (I11.36)

3. OkonuatensHO Jyisi pousBodibHOTO cedenusi [ICCII (wnmu CCII) momy-

yum uckomyro GIIPB npousBogHoii

* 2
4 _ ! !/ _ ’
P& D) =& )" (& 1) =[p(&"t) . (I1.37)

Ewe paz ommemum, umo npoyedypa (I11.34) — (I11.37) mooicem Ovims
NPUMEHUMA, K JI00bIM CMAYUOHAPHBIM U NCe800-CIMAYUOHAPHBIM CIYHAUHBIM
npoyeccam {m.e. CIy4auHbIM NPOYECCAM C MeOIeHHO USMEHAIOWelcs co epeme-
nem @IIPB p(&t) }, o komopuix npu © — 0 0-pyuryus npunumaem euo (111.20).
Jns BeIACHEHUS! (PU3UYECKOTO CMBICIIA BEIMYHMHBI 7 BOCIIONB3YEMCS CpaB-
HCHHEM C U3BECTHBIMHU pe3yiibTaTaMd. [[aHHBINA MOIXOJ HEOE3yNpedyeH € TOYKH
3peHUs] MATEMaTHYECKOW CTPOrOCTH, HO MO3BOJISIET JOCTATOYHO A(PPEKTUBHO T10-

JTYYUTh KOHKPETHBIN, TPAKTUYECKU BaXKHBIH Pe3yNbTar.
PaccMOTpHM cTalMOHApHbIA raycCOBCKHi chydaitHeiii mporecc &(t). Tlpu
3TOM B KaXJIOM CEYEHHE ITOro IMpoliecca cliydaiHas BequuuHa ¢ pacrpeieneHa

10 TayCCOBOMY 3aKOHY:

1
2

27[0'5

(&) = expl-(£-a,)?/ 202, (IT1.38)
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e o2 M a — MMCIePCHs i MATEeMAaTHYECKOE 0XKMIAHIE TAHHOTO mporecca &(t).
OcymectBisis ¢ @IIPB (I11.38) nmocnenoBatensHOCTh onepanuid (111.34) —

(IT11.37), nonnyurm OIIPB npousBoiHOM 3TOrO CllydaifHOTO Mpoliecca

5/2

1
N = — . I11.39
P w/27z[77/205 ]2 oXP 2|77/20'§ |2 ( )

C npyroit cTopoHbI, ¢ TTOMOIIbIO H3BecTHOM mponeaypsl (I11.4) — (IT1.7)

JUTS aHAJIOTHYHOTO Citydast noiay4dum [43]

(I11.40)

: 1 :
() - expl-g? 1202
\ 2705
riae Oz = 0/ Teor

311ECh Tcor — MHTEPBAJ aBTOKOPPEIISAILIUHE UCXOJHOTO CitydaitHoro mpoiecca &(t).

Cpasnubas ®IIPB (I11.39) u (I11.40), Haxoaum, 4yTO IpU

202
n=—>=

(I11.41)
z-f;cor

OHM IOJIHOCTBIO COBIAJIAIOT.

Buipascenue (I11.41) nonyueno 0as 2aycco8cko2o cay4auno2o0 npoyeccd, Ho
cpedneksaopamuieckoe OMKIOHeHUe 0z U UHMEPSA A8MOKOPPENIYUU T¢ cor — IMO
OCHOBHblE XAPAKMEPUCMUKU 100020 CIMAYUOHAPHO20 CIYYAliH020 npoyecca. Bce
0CManbHble HAYAIbHble U YeHMPATbHbIE MOMEHMbL 6 CIIyYae He2aycco820 pacnpe-
oenenus cayuanunou eeaudunst C(t) 0adym nesHauumenvHulil 6K1A0 6 GbIPANCCHUE
(I11.41). [1osmomy ¢ 6b1COKOU Cmenenbo 00CMOBEPHOCMU MONCHO YIBEPIHCOAMmb,
umo ewipaxcenue (I11.41) npumenumo 0 6OIBLUIOCO KIACCA CMAYUOHAPHBIX U
nceso0-CMAayUOHAPHBIX CIYYAUHBIX NPOYECCOS.

B xBaHTOBOI MexaHHKe AJs MepexoAa OT KOOPAWHATHOTO NpeACTaBICHUS
BOJIHOBOM ()YHKIIMH MUKO-YaCTUIBl K €€ MMITyJbCHOMY INPEICTaBICHUIO MPUMeE-

HSIETCS MPOIeIypa
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00

o(p,) = ﬁi@(x) exp{ip, x/A}dx :ﬁ:j2 p(x)exp{imx'x/a}dx, (I11.42)
J

o(X)exp{—imx'x/n}dx, (I11.43)

—0

1 7 : 1
p*(p,) = EJ; o(x)exp{-ip,x/ f}dx = Ny

34
rae 7 = 1,055-10" Ix/T'n — penymupoBanHas noctostHHas [lmaHka, a Tak ke
YUYTEHO, YTO X-KOMITOHEHTA MMITYJIbCa YaCTHUIbI Py CBSI3aHA C €€ CKOPOCTBIO Vy

(T.e. IPOU3BOIHOMN €€ KOOPAUHATHI [0 BPEMEHH)

d
p,=mv, = m_X =mx/, (I11.45)
dt
B ciyuae korna
267 h 2
n, = = — C pa3MepHOCThIO (M“/C), (IT1.46)
T

Xxcor

npouenypst (I11.34) — (I11.37) u (I11.42) — (IT1.43) mOaHOCTHIO COBIAIAIOT.

U3 Beipakenus (I11.46) cnenyert, uto nocrosinHas [lnanka MoxeT ObITh BbI-
pa’keHa yepe3 OCHOBHBIE YCPEIHEHHBIE MapaMeTphl CTAIIMOHAPHOTO (MM TICEBJIO-
CTallMOHAPHOI'0) CIy4yailHOro mpouecca ox U Ty cor, B KOTOPOM yYacTBYET XaOTH-
YeCKH Oy>KIaromias MMKo-4acTuIa (Harmpumep, JIEKTPOH).

Bwmecte ¢ Tem obnacts npumenenus npouenypst (111.42) — (I11.43) orpa-
HUYEHA MAJIOCThIO PEAYLMPOBAHHON NOCTOSIHHOM [Inmanka 7, Torna kak mpoueny-
pa (IT1.34) — (I11.37) moxeTr OBITh IPUMEHEHA IS CTyYalHBIX CTAIIMOHAPHBIX U
IICEeB/I0-CTAllMOHAPHBIX MpolIeccoB Jtoboro Macmrada. K Takum ciydaifHbIM mpo-
1eccaM MOXHO OTHECTH XAaO0THYeCKHe KOJIeOaHus LIeHTpa Macc siapa Ouojoruye-
CKOHM KJIETKM, XaOTHUYECKUE MEepeMEeIlIeHNs] KOHUYMKA BETKU JIEpEeBa, XaOTUYECKOE
M3MEHEHHE MECTa MOJIOKEHUS LIEHTPa Macc si/ipa IUIaHEeThl U T. 1.

OtMmeTuM CJICAYIOMIUC IMMPOMCIKYTOYHBIC PC3YJIbTATHI:
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1]. Jus cTanoHapHOTO M TCEBO-CTAIIMOHAPHOIO CIIy4ailHOro mpoiecca
&(t) = x(t) moxer OBITH MpUMEHMMa cieayrolas mnporenypa noaydenus OIIPB
p(X”) MPOU3BOIHOM 3TOrO IpoIiecca.

3agannas onHomepHas OITPB p(X) cranmonapHoro npouecca (HiIM MeJIeH-
Ho m3Mmenstoascs OIIPB p(X,t) mceBmo-cTanmoHapHOro mpolecca) npeacTaBis-
eTcs B Buje npoussenenus aByx [TAB ¢(X) wiu ¢(X,t) :

P =p(X)p(x) mm p(x,t) =p(x tho(x t). (IT1.47)

a) Jlns cranuoHapHOro ciay4yailHoro mpoiecca OCyIIeCTBIISIOTCS J1Ba Mpeoo-

pa3oBanus Oypoe

L J. o(x)exp{iv,x/n,}dx, (A1.48)
271, s

o(x) = leﬂ—n [0 exp{ix'x/ m, ox=

1 % . 1 7 .
p*(X)= p(x)exp{-ixx/n,}dx = o(x)exp{-iv x/n,Jdx. (A1l.49)
271, L V27, [o
u onpenenserca uckomass @IIPB npou3BogHOI JaHHOTO Mpouecca
’ (AP ’ r\2
p(X) = p(x)p" (X')=|p(x)". (IT1.50)

* 2

U pv,)= qo(vx)go (Vx)z |q0(vx)| (I11.51)
2

rne n, = 20, :E (T11.52)

T m

XKop

0x — CPEAHEKBaJpaTUYHOE (CTAaHAAPTHOE) OTKIOHEHHWE UCXOJHOTO CTAllMOHAPHO-
ro caydJaitHoro mporiecca X(t) ot cpeiHero 3HaueHuUS;
Tx cor — MHTEPBAJI aBTOKOPPEJISIIIUH JTAHHOTO TpoIiecca.

B 6§ 2.6 cmamou [44, arXiv:2007.13527] npumenena npoyeoypa (I11.47) —
(I11.51) ons nonyuenuss ®@IIPB p(X’) npou3so0HOl CMAYUOHAPHLIX CLYYAUHBIX
npoyeccos ¢ 3akonamu pacnpeoenenus: I aycca, pasnomepnoim, Jlaniaca, Kowu
U CUHYCOUOATLHBIM.

b) Jlns mceBmo-cTalMOHAPHOTO CIIYY4alHOTO IMPOIECCa BBIMOIHSIOTCS JBa

npeobpazoBanus Oypre

1 ° 1 3
X', 1) = ——— | p(X,t) exp{ix'x/ 7, (t) }dX =——— | (X, t) exp{iv, x/7n, (t)}dX,
o(x',1) T J o(x,t)expfixx /1, (t)}d T j o(x,t)expfiv, /7, (1) }d

(A1.53)


https://arxiv.org/abs/2007.13527

48 M. C. baranos - ['ayxman

0

N T - _ 1 g
p*(X,1)= N j PP LX) = s j o(x, 1) exp{-iv,x /7, (t)}olx.

(A1.54)
u onpenensaercs nckomas @IIPB npon3BoIHON JAHHOTO MpoLecca B KaKIbId MO-

MEHT BpeMeHH

p(xX',t) = p(X, )" (x',t) = |p(X,t)". (I11.55)
win P, =V, . ) (v,. 1) =[p(v, t)’ (I11.56)
e n, @)= 20, (1) = h (I11.57)

Tooor () mM(1)
ox(t) — cpeaHekBaapaTU4HOE (CTAaHIAPTHOE) OTKIOHEHHUE HCXOJHOTO MCEBIO -

CTAIlMOHAPHOTO ciiydaitHoro mpoiecca X(t) OT ero cpemHero 3Ha4YCHHs B
MOMEHT BpeMeHH t;
Tx cor(t) — MHTEpBaJ aBTOKOPPEISIMK JAHHOTO MIPOIecca B MOMEHT BpeMeHH t.

2]. Hpouenypa (I11.47) — (I11.52) ¢ TouHOCTBIO 0 KOA(D(UIIUEHTA TTPO-
HNOPLIMOHAILHOCTH 7 COBIA/AeT ¢ KBaHTOBO-MexaHHuyeckoi npouenypoit (I11.42)
— (I11.43) mepexona OT KOOPAMHATHOIO MpPEACTAaBICHHUs K HUMIyiabcHoMY. Ho
KBaHTOBO-MexaHuueckas npoueaypa (I111.42) — (I11.43) nonyuyena ¢ npuBieyeHu-
€M BeChbMa HEOUEBUIHOHN (PK30THYECKOW) TMIOTE3BI O BO3MOXXHOM CYIIECTBOBA-
HuM BoJIH MaTtepuu Jlyn ne bpoiins (koTopble Tak u HeOblIM 0OHapyxeHbl). Torna
kak npouenypa (I11.47) — (I11.52) nosnyueHa Ha OCHOBaHUU MOJIPOOHOTO aHAIU3a
T depeHIMPYyEMOro ciydyaifHOro Mmpoliecca ¢ €AMHCTBEHHBIM MPEANOI0KEHUEM

(KOTOpBIH MOKET OBITh MOABEPIHYT COMHEHHIO), 4TO AenbTa-QyHKius J5(X; —X;)

umeer By (I11.20). B cBsA3M ¢ 3TUM HMHTEPECHO MPOAHAIU3UPOBATh, K KAKUM
npoueaypam mnepexona ot ®IIPB p(x) k ®IIPB p(x) Moryr mpuBecTH Ipyrue
BUJBI O-(YHKIUH?

Takxe HeT HEOOXOIUMOCTH UCIONB30BaTh TunoTe3y Jlyn ne bpoiins o cy-

MECTBOBAHUHN BOJIH MAaTCPUU JJIS OIIUCAHUSA I[I/I(I)paKI_II/II/I JaCTULl HAa KPUCTAJLIC. B

cratbe [44, arXiv:2007.13527] moka3aHo, 4TO Ha OCHOBAHUU 3aKOHOB T€OMETPH-

YECKOW ONTHUKHU U TEOPUH BEPOSITHOCTEH mosrydeHa hopmysa st pacyéra 00bem-
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HBIX JUarpaMM PAacCEsHUS YaCTULl HA MHOTOCIIOMHON NIEPUOJUYECKON TOBEPXHO-
CTH KpHCTaJLIa.

3] B cinydae u3ydeHUs XaOTHYECKOTO MOBEJICHUS MUKO-YaCTHIl, OTHOIIIE-
HHE /i/M MOXeT OBITh BBIPAKEHO Yepe3 OCHOBHBIC XapaKTEPUCTUKHU UCCIICIYEMOTrO
ciyqaiinoro npouecca (I11.46). Ha B3rsig aBTopa, 3T0 O4eHb BayKHBIH pe3yibTar,
T.K. OLIECHUTH PEAIbHYIO0 MacCy MOJBUKHON 3JIEMEHTAPHON YaCTHULIbI IPAKTUUECKU
HE BO3MOXkHO. HannoMHuM, 4T0 B (pU3HUECKUX CIIPpaBOYHMKAX MPHUBEJEHBI TOJBKO
MAacChl ITOKOS 3JIEMEHTApHBIX YacCTHL], KOTOPHIE ONPENEICHBI KOCBEHHO HA OCHO-
BaHUU CJIOKHBIX IKCHEPUMEHTOB. Torja Kak MOJYYUTb OLEHKY CTaHAApTHOTO
OTKJIOHEHHS 0y U WHTEPBaJia aBTOKOPPEISLIUN Ty cor CAYYANHO OMyXmaromiel 4a-
CTHIIBI TOpa3ao npouie. BakHo Tak ke, 4To penyuupoBaHHas nocrosiHHas [lnanka
h Tepsier GyHIAMEHTAIBHBIA XapakTep U OKa3bIBaeTCsl Pa3MEPHBIM KO3 PHUIIUEH-
TOM TPONOPLMOHATBHOCTH MEXIY MacCOM 4YacTHUIbl U OTHOLIEHUEM YCPEIHEH-
HBIX XapaKTEPUCTUK CIyYalHOTO IMPOLECCA Oyyx U Thyy, B KOTOPOM 3Ta YACTHIA

y4acTBYeT.

IIpuioxenne 2

I1.2 KoopaunaTtHoe npeacraB/jieHue YCPEeAHEHHOH CKOPOCTH
Xa0TH4YEeCKH OJIyKAaoueil YacTubl

JUis cTallMOHApHOTO U NICEBA0-CTALMOHAPHOIO CIIy4alHbIX IPOLIECCOB (CMOTPUTE

[Tpunoxenue 1) nokaxxeM cripaBeyIMBOCTh PABEHCTB (I12.1)

7 _n " ! m ! " n i n * o - a !

== [l 0= [, = ot 00, = Jutef im0

500~ o000 - [t vt~ w(x,w[— in, (t)§] Vb, (122)
—o -0 -0 X

rzie N — 1enas, MoJOXHUTENIbHAsI CTETICHb; #x — MacIuTaOHbIi mapamerp (Al.52).
CrnernuanuctaMm B 00JaCTH KBAaHTOBOM MEXaHHUKH XOPOIIIO U3BECTHO JTOKa3a-

TCJIIbCTBO AHAJIOTUYHOI'O BBIPAKCHUSA
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= [ p(p,)pldp, = [w(p,) iy (p,)dp, = | w(x)(—ihaﬁ] w (x)dx,
i i A X

cMoTpuTe, Hampumep, [45]. OxHako B BUAY BaKHOCTH JAHHOTO JI0KA3aTEIbCTBA
JUUIA [[aHHOﬁ CTaTbHu HpI/IBeI[eM €ro B HECKOJIBKO HU3MCHCHHOM BHIC, HpI/IMeHI/I-
TEJIBHO K 0COOEHHOCTAM 0€3MacCOBOI CTOXAaCTUUECKOU KBAHTOBOU MEXAHUKH.

Bocnonb3yemcs npeodpazoBanusimu Oypee (I11.48) u (111.48)

ivxx ipxx

jw()

j V) o (m2.3)

(27271;1)1/2

1/2
71y )

VX
Ix -pxX

j V) X j W () ——77 (IM2.4)

(27zﬁ)1l2
[ToncraBum unTerpansl (112.3) u (I12.4) B TpeThio yacTh paBeHcTBa (I12.1)

VX VyX

,,7 i

+

J Jw() )1,2 .Jw(x) )de dp,.  (2.5)

HenocpencTBeHHOI MpoBEpKOi JTeTKO yOSAUTHCS, YTO

i 0 ] i P 0 SLET
vie ™ = _inXGT e’™, wm pe " = _ihaT e " . (I12.6)
j

j

[Tepenumem (I12.5) ¢ yuerom (112.6)

_ 1 +od +00 _jyxXi +00 0 n iVij
VQ:—I Iw(xi)e T dx. jw(xj) —in,— | e ™dx; dv,. (T12.7)
2, | . . OX;
IIpouHTETpHpPYEM BTOPON MHTETPAJ B MOABIHTETPAIBHOM BBIPAXKEHUU N pa3
[0 YacTsAM, MPHU 3TOM OyaeM MmpeanosaraTh, 94to y(X) ¥ ee mpOU3BOIHBIE 00pa-
HIAIOTCS B HYJIb HA TPaHUIIAX UHTETPUPOBAHUS X = + co. BhINOIHASA HaHHBIE N€ii-

CTBHS, TONTy4nM [45]
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VX oo VK

T dx, Ie T (—mx aa J w(x;)dx; dv,, (I12.8)
X;

< |

>

| L

v(x —Xi)

_— 1 + L a n
th _ J'dx Idx w (X )e (—mx = J w(x;) [av,. (I12.9)

<

x =

NI

—00

Nzmenum B (I12.9) mopsimox MHTErpupoOBaHMs, T.€. CHayayia OyaeM HHTe-

rpupoBaTh 1o Vy [45]

4o v(x x)

—jdx _[dx l//(X)[ |h—J (x)—je T

B ToMm BBIPAKCHUU ITPUCYTCTBYCT I[eJ'IBTa-(I)YHKHI/IH

o0 V «(Xj—X%;) +00

S(x, =, =_je " dv,. Tuna 5(xj—xi)=ije‘q(xi‘xi)dq. (112.10)
271, =, 2z =,

HOBTOMy npeacTaBuM €ro B BUAC

= j dx, j (X ){ 0 ) w (X, )5(X; =% )dx; . (T2.11)
X;
Hcnonp3ys cBOMCTBA d-(QYHKIIMH OKOHYATENBHO 3anuiinem [45]

v = _[y/(x)( i7, aaj w(X)dx, (I12.12)

TakuM o0pa3om, BeipakeHue (I12.1) mokazaHo miis cirydasi CTallHOHAPHOTO CITY-
yaitnoro nporuecca (CCII).

Jns ncesno-crannoHapHoro ciyyaitHoro mpouecca (IICCII) Boipaxkenue
(I12.2) noka3biBaeTcst aHanoruyHo. BeimonHss omepauuu mnomoOHbie (I12.5) —

(I12.15) ¢ ucnonp3oBanueM npeodpazosanwnii (I11.53) u (I11.54), monyunm

6%=ﬁw%mm$wmm, (2.13)

—00

Bepnemcs k paccmotpenuto ycnosHoi @ITPB (I11.19)
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(x],tJ/xl,tI ——Iexp{q(x —-X)—q B(t —t,)}dq, (112.14)

!

v
rae cornacuo (I11.31) q = X X,

X X

IIpu AX = Xj—Xi — 0 u3 (I12.14) nomyuum

: 1 7 V2
AllTop(X t/x,t)= E'Lexp{—n—X2 B(t; —t;)}dv,. (112.15)
YuteMm, uTo
V2
?thx =&, (I12.16)

rae Iy — kuHermyeckas sHepreTHvHOCTH (21), paBHAS MOTHOW MEXaHHYECKOM
DHEPreTUIHOCTH & (19) mpu OTCYTCTBUU MOTEHIMAaNbHOW dHepreTudHocTH Uy (20)
(T.c. mpu Uy = 0).

Jl11 HEKOTOPBIX CTOXACTUYECKHUX IPOLIECCOB CIIEAYET IOJIOKUTh, YTO KO-

s durment auddysun B sBasercs komiuiekcHbIM dncioMm, T.e. B = iD. B stom

ciryuae Beipaxenue (I12.15) ¢ yuerom (I12.16) mpuobperaer BUA J,-PyHKIUU

I|m p(x t./x,t)= j

it

exp{— 2D(t —t)}de, =0.(t; -t). (112.17)

o

[ToncraBuM aHHYIO J.-GyHKIHMIO B BeIpaskeHue nojo0Hoe (I1.1.17)

o0 00

[ [ttt —t)e(x byt dt, =1 (I12.18)

Zo S

Otmetum, yTo Juid nonydeHus BoipaskeHus (I12.18) neoOxomumo paccmart-
pHUBaTh SBOJIIOLHUIO CIIy4allHOrO Ipoliecca HE BO BPEMEHH (KaK 3TO IOKa3aHO Ha
puc. I11.1), a B mpoctpancTBe. DTO MOJA0OHO (EeHHMAHOBCKHM BCEBO3MOXKHBIM
XAO0TUYECKUM TPAEKTOPUSAM ABUKEHMS YACTHULIBI IIPU €€ MEPEMEIIEHUN U3 OJIHOU
TOYKH ITPOCTPAHCTBA B Ipyryto [46].

U3 eipaxkenus (I12.18) mo anamoruu ¢ (Al.22) — (Al.25) creayrot mpeoo-
paszoBanus Oypse



Croxacruyeckas uaTepnperanus KM 53

o(e,) = ﬁ J.go(x,t) expﬂgxtf]—?}dt, (112.19)
777)( X
D

1

p*(5,) = j p(x.t)exp{-is, t—}dt (112.20)
\* E
YuutriBas
ie tQ a n ie tQ
ge 7 = LR N (m2.21)
2D6t

MOYKHO TIOKa3aTh, YTO YCPETHEHHOE M3MEHEHHWE KMHETHUYECKOW IHEPTeTUYHOCTH
yacTtuiel, yaactsyronieit B [ICCII, umeer Bun

4w +o0 +00 _ 772 0 n

de = j ple)de) = [y (e )depy *(5,)dv, = j w(x,t)(—lﬁa] w(xt)dx, (112.22)

—0

ampu N =1, umeem

2+m

de, = . j (xt)a’/’(“)d (M12.23)

JlokazarenbcTBO cripaBeyIMBOCTH BbipaxkeHus (I12.22) momoOHO noka3a-
TesbCTBY BhipaxkeHus (I12.2). AHaIOrMYHOCTB 3TUX J10KA3aTEIbCTB BBHITEKAET yiKe

U3 CUMMeETpUU Mexay PxX u Et (wnmm viyX u ¢f) B BonHe e bpoiins
w = exp{—i(pxX — Et)/fi}= exp{—i(vix — ef)m/ii}= exp{—i(vix — e)nx}. ([12.24)
B ciydae, xoryia MacuiTaOHbli mapaMeTp MEHSAThCS co BpemerneM 77, (t), To

MOXXHO 3aI1ucaTb

de, = j (x, t)(—ﬁa—jnx (Ow (x,t)dx, (I12.25)

-0
BwmecTte ¢ TeM Bo3MOKHA CUTyalnus, Korjga JUCIICPCHUA U3MCHAKOTCA CO BpPC-

MeHeM M0 3aKoHy o (t—1,), ¥ K03)HUIHEHT aBTOKOPPENIAMH H3MEHSIETCS O

TOMY K€ 3aKOHY 7, ., (t—t,). Torma
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2 204 2
20,(1) L 20,(t=%) _, _20¢ =const. (I12.26)

Ty Kop (t) Ty Kop (t - tO ) g Ty Kop

B srom cirywae (I12.25) BHoBb mpuobOpetaet Bux (I12.23).

n,(t) =

Hpuaoxenue 3

I13 KBaHTOBaHHBIE COCTOSTHHS S1/IPA OHOJIOTHYECKOI KIETKH

be3smaccoBas croxactudueckass kBaHToBas MexaHuka (BCKM), mpennaraemas B
9TOW CTaThe, NMPHUTOJIHA JJIS ONUCAHUS KBAHTOBBIX 3(PPEKTOB HE TOJIBKO Ha
YPOBHE AJIEMEHTapHBIX YACTHUIl, HO U HA MUKPO- U MaKpPOYPOBHSX OKPYXKaIOIIETO
Hac Mupa. B xauecTBe mpumepa ucnonablyem ypaBHeHHe (47) A UCCIIEOBAHUS
YCPEIHEHHOT'O TOBEIEHUS XAOTHUYECKU KOIJEOINIOMIErocs siapa OHUOIOTHYECKOM

KJIeTku (cmotpuTe puc. [13.1).

Membpana

Puc. I13.1. YnpouieHHast MOIEIb 9yKapHOTHUECKOH OHOIOTHYECKOH KIIETKH C SIBHO BBIPA)KEHHBIM
KIETOYHBIM SJIpOM (K-SApOM), KOTOPOE HENPEPHIBHO XAOTHYECKH ONMYXKJaeT B OKPECTHOCTH
YCIOBHOTO IIEHTpa, TaKUM 00pa3oM, 4TO ee MOJHAs MEXaHWdecKas dHeprust E (mounee suepee-
MUYHOCMB &) BCETIA 0CTAETCS OCTOSTHHOM (E = me = const)
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PaccMoTpuM KUBYIO DYKApPUOTHUYECKYIO OMOJIOTHYECKYIO KJIETKY B IEPHO]T
MEX]y €€ JIeJICHUEeM (T.€. B COCTOSITHUH HHTEP(a3bl).
[Tycth cocrosiane wHTEp(]a3bl paccMaTpUBAEMOW KJIETKH IPOJIOJIKACTCS
BECh MEPUOJ HAONIONEHHS 32 XaOTUYCCKH KOJIEOTIOMIMMCS KIIETOYHBIM SIIPOM
(manee x-sapom). [Ipu 3TOM MoHAsE MEXaHUYeCcKask YHEPreTHYHOCTh K-sIpa OCTa-
€TCs MOCTOSTHHOM
en = ta(X,y,z,t) + un(x,y,z,t) = const, (T13.1)
rae &y = En(X,y,z,t)/m, — monHas MexaHW4eckas SHEPreTUYHOCTh K-sapa (31eCh
mp— Macca K-1/1pa);
th(X,y,2,t) = Tn(X,y,2,t)/m, — KuHETHYECKas! SHEPTETUIHOCTD K-S/pa;
Un(X,y,z,t) = Un(X,y,z,t)/m, — moTeHmmanbHas 3HEPreTHUHOCTh K-S/Ipa.
PaccmarpuBaeMblii CITy4aliHBIN MPOIECC C YUACTHEM K-sIJIpa MOJIHOCTBIO CO-
OTBETCTBYET CTOXAaCTUYECKOU MOJenH, onucanHou B § 2.1, a ycnmosue (I13.1) cos-
najaaer ¢ ycioBueM (46). IlosToMmy s onucaHusl yCpeJHEHHBIX COCTOSIHUM Xao-
TUYECKU KOJICOIFOIIErocs K-pa MOXKET ObIT UCIOIh30BAHO OE3MAaCCOBOE CTaIlH-

oHapHoe croxacthuyeckoe ypaBuenue Illpenunrepa-Diinepa-Ilyaccona (47)

2
Vi1, 2Ly~ (%, D] (6 Y,2) =0, (3.2)
nl
re _— \E 200, (I13.3)
2 1,

— MacIITaOHbIN mapameTp;

1 2 2 2
O\ = ﬁ \/o-nx +o,, o, (I13.4)
— CpEIHEKBAJpPaTUYHOE OTKIOHEHHE XAOTHYECKU KOJEOJIOIIErocs K-sapa oT

ycioBHOTO 1eHTpa (puc. I13.1);

T, = %(rnx + 7, + rnz) (I13.5)
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— yCpeIHEHHBI MHTEPBaJ aBTOKOPPEIAIUU PacCMAaTPHUBAEMOTO TPEXMEPHO-

IO CTAalIOHAPHOT'O CIY4alHOro Mpolecca, B KOTOPOM Y4acTBYET XaoTHYe-

CKH KoJseOromieecs K-spo.

PaccMoTpuM citydaii, KOrjaa yrnpyrie HaTsDKCHHS [UTOILIa3Mbl oy , OKpyXKa-
IOIIEH K-SpO0, B CPEIHEM YBEIMUYMBAIOTCS MPOMOPIHUOHAIBHO YAAJICHUIO K-s/pa
OT YCIIOBHOTO IICHTpPa

ov (X) = kyr, (113.6)

rae ky= K,/m,— 6e3maccoBblii K03()(GUIIUEHT YIPYroro HaTsSKEHUS [IUTOILIa3MbI

(K, — cuioBas KOHCTAaHTa LMUTOMNA3MbI), I =./X* + y®+z® — paccrosHHME OT

YCJIIOBHOTO IIeHTpa 110 K-siapa (puc. 113.1);
B »sTOoM cinydae ycpeaHeHHas MOTEHLHUAJIbHAs SHEPreTHYHOCTh K-sjapa

MOJKET OBITh MPUOJIMIKEHHO TIPEJICTABICHA B BUJIE
1
u (r) = [kyrdr= Shur?. (I13.7)
[Toncrasmnss Beipaxenue (I113.7) B ypaBuenue (113.2), momyuum u3BecTHoE B

KBaHTOBOM MeEXaHHKE YpaBHCHHUE HU3O0TPOIIHOI'O TPEXMEPHOI'0 T'apMOHHUYCCKOI'O

ocuusitopa [47]

2 2 k,r?
V!//(I’)+ T[‘gn_ 2 ]l//(l’)zO, (H38)
nrl
18(,0) Vb
VA R LA
rae 2 8!’( arj 2 (I13.9)

2
— omneparop Jlannaca B ceprueckux KOOpAMHATAX, TAe omeparop V, ,3amaeTcsa

BeIpaXKeHUEM (64);

PemieHusIMU JAaHHOTO YPaBHEHUSI SIBIISIOTCS BOIHOBBIE QyHKIMH [47]
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Wi (1, 6,0) =R, ()Y, (0,9) =

3 +2l+ I 2
_\/E k243 [\/EJ r'exp{—\/qr }x

2
4 [277“} (2k+21+)1M 217, 21,

k
> LE|+1/2) 2 \/_U r2 Y|m(0,¢),
277nx1

(I13.10)
k
roe L) 2 2£r2 — 000061IeHHBIE TTOIMHOMBI Jlareppa;
77nxl
N
—m1lz .
Y, (6,0) = ()" @11 =m)! e P, (cos) — cdheprueckre rapMOHHIECKUE
4z(l +m)!
INZINIVIR
I+m
P, (cosd) = % (1— £ )mlz dd§|+m + ((52 —1)I — IpUCOeIUHEHHBIE (PYHKIUN

Jlexxannpa;
&=cosd,

| — opOuTaATEHOE KBAHTOBOE YHUCIIO;
M — nepudepuitHoe KBAHTOBOE YHCIIO.

B amomnoii keanmosoii gusuxe uucio M HA36I6AIOM «MACHUMHBIM KEAHMO-
8bIM YUCTIOMY», HO MO HA36AHUe He NOOXOOUm OJisi CMOXACMUYECKOU K8AHMOBOLL
mexanuxu. Tlosmomy 6 danHou cmamve 4ucio M NPeodioHCeHo HA3bIBAmMsb «nepu-
GeputinbiM K6AHMOBLIM YUCTIOMH.

BonnoBeie ¢ynkmun (I13.10) cooTBETCTBYIOT COOCTBEHHBIM 3HAYEHHUSIM

HOJIHOM MEXaHUYECKOIl SHEPreTHYHOCTH K-si/ipa [47]

En =nnr1\/k_ur(2k+l+gJ=nnrl\/k_w(N +gj (I13.11)

rme N=2k +1.

Kanparer moayns BomHOBbIX (pyHkimit (131) |y, .(r,0,9) |2 (r.e. OIIPB

BO3MOXXKHOTO MECTa HaXOXKJEHUS K-sfApa BHYTPU OHOJOTMYECKOW KIIETKH) IMpU

¢ = 0 ¥ pa3IMYHBIX 3HAYCHUAX KBAHTOBBIX urcen K, | 1 m mokasansl Ha puc. [13.2.
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U3 puc. I13.2 BUIHO, 4TO Ka)xI0OMy Ha0Opy M3 TpeX KBaHTOBBIX uuncen K, | u
M COOTBETCTBYET YHUKaJbHAs MPOCTPAHCTBEHHAs KOH(PHUIypanus yCpeaHEHHOTO
COCTOSIHUSL XAa0THYECKOrO JAPOXKaHMS K-i1pa. ODTO COCTOSHHUE OIPEIeNsIeTCs

®IIPB |y, (r,6,9) |2 MeCTa BO3MOXHOTO TMOSIBICHUS K-a1pa (TOYHee ero IeHTpa

Macc), BHYTpU OMOJIOTUYECKON KIETKH).
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Puc. 113.2. Oynkuun ninoTHOCTH pacnpenenenus sepostaoctu (OIIPB) |y, (1,60, ) * Bo3moOK-

HOTO MECTa HaXOXKAEHHS K-sapa npu ¢ = 0 M pasjInvHbIX 3HAUEHHUAX KBAHTOBBIX umcen K, | u m.
YeM cBeTIiee IATHO, TeM OOJNBIIE BEPOSTHOCTH IMOSIBIICHHS K-siApa B JaHHOH oOmactu. PacueTs
BBITIOJIHEHBI ¢ HCIOIb30BanueM Boipaxkenust (I13.10) [47] u npeacraBineHsl Ha BeO-CTpaHUIIE:
Spherical_Harmonic_Orbitals.png

Kax useecmno, umeemcs ewe uemeepmoe CnuHogoe KEAHMOBOE UYUCIO S,
KOmMopoe 6 paccmampugaemMom ciyuae, noceel BUOUMOCMU, CEA3AHHO C OOHUM U3
08YX BO3MOJICHbIX HANPAGNIEHUU 8PAUJeHUS YUMONIA3MbL GHYMPU OUOIO2UYECKOU
knemxu. QOHaKo OaHHbI NpoYyecc 6 IMoll CMamve He paccmMampuéaencs.

YroObl 3KCHEPUMEHTAIBHO 3a(UKCUPOBATh OJHY W3 HPOCTPAHCTBEHHBIX
KOH(UTrypanui, mokazanHsIx Ha puc. [13.2, HeoOxoaumo:

- obecrneunTh OTCYTCTBUE OIIYTHUMOIO BIIMSHHSI BHEIIHUX W BHYTPEHHHUX
CHJIOBBIX (DAKTOPOB Ha OMOJIOTMYECKYIO KJIETKY Ha BECh IEpUO] HAOIIOAEHUS 3a

K- JIpOM.


https://upload.wikimedia.org/wikipedia/commons/b/b3/2D_Spherical_Harmonic_Orbitals.png

Croxacruyeckas uaTepnperanus KM 59

- cllenaTh BUCO3AIMCh XA0TUYECKOIO ITOBEACHUS K-i/pa B TCUCHHUE JUIM-
TEJILHOTO IIPOMEKYTKA BPEMEHHY,

- y4eCTb, YTO KJIETKA B LIEJIOM MOXET y4acTBOBAaTb B CIOKHOM TEIUIOBOM
JIBUKCHUH;, 3TH IBM)KCHUS HEOOXOAMMO YCTPAaHUTh (PU3UUYECKH WM UCKIIOUUTH
POrPaMMHBIM CITIOCOOOM;

- Y4eCTb, UTO K-SpO MOXET MEHATh (OpMy, U €ro BHYTPEHHEE COACPIKHU-
Moe (KapuoIia3mMa, XpOMaTHH, SIAPBIIIKO U JIp.) MOTYT U3MEHATHCS CO BPEMEHEM;
3TO IPUBOJUT K Pa3MbIBAHUIO T'PAHUI] IPOCTPAHCTBEHHOM KOH(MUTYypaluu ycpe -
HEHHOI'O COCTOSIHUS APOKaHUS JaHHOW opraHesuisl. [loaToMy cienyer ciienuts He
3a IIOBEJICHUEM BCETO K-4J1pa, a 3a Xa0TUYECKUM IEPEMEIIEHUEM TOJIBKO €ro LEH-
Tpa Macc. Jlpyrumu cioBaMud HEOOXOAMMO MPOrPAMMHBIM CIIOCOOOM BBISIBUTH
LEHTpP Macc K-Apa U CIEAUTh TOJIBKO 3a €r0 Xa0TUYECKUMHU MEPEMELICHUSIMU.

- ouudpoBaHHYIO, MPOTPAMMHO-OUUIICHHYI0O M MaTeMaTU4ecKu o0pado-
TaHHYIO BUJICO3aIIACh XA0TUYECKOIO MOBEACHUS LIEHTPA MacC K-sApa BOCIHPOU3-
BECTH C OOJBIION CKOPOCTBIO, C OTOOpa)KEHHUEM JTAaHHOTO CHIIBHO YCKOPEHHOTO
mpolecca Ha MOHUTOpe KommbioTepa. CKOPOCTh BOCIPOM3BENCHUS JABUKEHUS
K-si7ipa J10JKHA OBITh HACTOJIBKO OOJIBIION, UTO JaHHAs TOUKA JOJDKHA «Pa3MbITh-
csi» 10 Bceil o0sacTu HaOII0 e HUSL.

- €CIIM BCE BBIIICYKA3aHHBIE JIEWCTBUS YJACTCSA BBIIOJIHHUTH C JOCTaTOYHO
BBICOKOW pa3peraroiieidl CiocoOHOCThIO BHICOAIIAPaTyphl, MAKCUMAJIBHO YHCTO
U C MCKIIIOYEHHUEM pa3IMYHBIX MEIIAIMNUX (aKTOpOB U BO3JEHCTBUM, TO B COOT-
BETCTBUHM C M3JIOKEHHOW B JIAHHOM CTaThb€ TUIIOTE30M, HAa 3KpaHE MOHHUTOpa
JOJIKHA BBISIBIISITHCSI KOH(UTYpalMsi TEMHBIX U CBETJIBIX MATEH (Hamojmodue oji-
HOW W3 KoH(urypanuil msareH, nokasaHHelx Ha puc. I13.3). Ilpu s3ToM TemHOE
IIITHO HA 3KpPaHE MOHUTOpPA JOJKHO 03HA4aTh, YTO B 3TOM MECTE K-AJIpO MOSBIIS-
JIOCh Yallle, 4YeM B TOM MECTe, Iie 00pa30Bajoch CBETIIOE MATHO.

Bo3moxxHO, 4T0 KOHQUTypalus JaHHBIX TEMHO-CBETJIBIX MATEH OKaKeTcCs

COOTBETCTBYIOIICH OJHOW W3 COOCTBEHHBIX BOJHOBBIX (yHKuIUi ¥, (r,0,¢)
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(rounee ®IIPB |y, (r, 0, p) |2) HM30TPOITHOTO TPEXMEPHOTO KBAHTOBOTO TapMOHH-

YECKOr0 OCIMILIATOpA (T.€. HETaTUBY KOH(MUTYypaluii, MoKa3aHHbIX Ha puc. [13.2).
C moMoIIpI0 3ByKOBBIX KOJICOAHHMI ¢ PE30HAHCHON YacTOTOM (T.€. C 4acTo-
TOM OJIM3KOW K COOCTBEHHOM 4acTOTE KOJICOAHHUI paccMaTPUBAEMOTO H30TPOITHO-

T'O TPCXMECPHOI'0O KBAHTOBOI'O rapMOHHWYCCKOI'0O OCHHHHHTOpa)

3. 1.
2 2rt,,

f, (113.12)

~
X

MOYKHO TMOBJIMATH Ha K-SIIPO, TEM CaMBbIM U3MEHUTH YCPEIHEHHOE COCTOSIHHE Xa0-
TUYECKOT0 APOXkKaHUsl €ro 1eHtrpa macc (T.e. k-amapa). [locie atoro cienyer mo-
BTOPHUTH BCE BBINICYKA3aHHbBIC NEHCTBUS IS BBISBICHUHA IPYroil KOHQUTYpaIH

TEMHO-CBCTJIbIX IIATCH, COOTBCTCTBYIOIIUX boiee BOS6y>I(I[CHHOMy COCTOAHUIO

K-sizipa.
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Puc. I13.3. [Ipumepsl BOZMOKHBIX KOHQUTYPAINA TEMHO-CBETIBIX ISATEH, KOTOPBIE MOTYT OBITH
BBISIBJICHBI B pe3yJIbTaTe YCPEAHEHMSI XaOTHUECKOTO NBIDKCHUS (APOXKAHMS) K-s/ipa BHYTpH OHO-
JIOTNYecKOr KieTkH. JlaHHble KOHPUTypalMy HSATEH MOTYT COOTBETCTBOBATh COOCTBEHHBIM BOJI-
HOBBIM QyHKIMAM i/, (1,6, ) (I13.10) ¢ pasnuuHbIMH HAGOpaMHu TpeX KBaHTOBBIX uucen K, | um

BOSMO)KHO, 4qTo KOH(bI/II‘ypaLII/IH JaHHBIX TCMHO-CBCTJIBIX ITATCH OKaAXXCTCs

COOTBETCTBYIOIICH OJHOW W3 COOCTBEHHBIX BOJHOBBIX (yHKUUi ¥, (r,0,¢)
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(rounee ®IIPB |y, (r, 0, p) |2) HM30TPOITHOTO TPEXMEPHOTO KBAHTOBOTO TapMOHH-

YEeCKOro ocIuuIATOpa (T.€. HeraTuBy KOH(GUTYpaIHii, TOKa3aHHbIX Ha puc. [13.2).

C moMoIIpI0 3ByKOBBIX KOJICOAHHMI ¢ PE30HAHCHON YacTOTOM (T.€. C 4acTo-
TOM OJIM3KOW K COOCTBEHHOM 4acTOTE KOJICOAHHUI paccMaTPUBAEMOTO H30TPOITHO-
r'0 TPEXMEPHOTO KBAHTOBOTO TAPMOHUYECKOTO OCIHIIISATOPA)

~ 3 1
" 2 2rt,,

f, (113.12)

MOJKHO IIOBJIUATH Ha K-SIpO, TEM CaMbIM U3MEHUTh YCPEIHEHHOE COCTOSIHUE Xa0-
TUYECKOTO JpOXkKaHUsl ero LeHrpa macc (T.e. K-amapa). [locie atoro ciemyer mo-
BTOPHUTH BCE BBINICYKA3aHHbBIC NEHCTBUS IS BBISBICHUHA IPYroil KOHQUTYpaIH
TEMHO-CBETJIbIX IATEH, COOTBETCTBYIOIIUX Oojee BO30YkKIEHHOMY COCTOSHHIO
K-1pa.

He uckmroueHo, 4ro gaHHble KoneOaHUS HEOOXOAUMO BO30YXIaThb OJHO-
BPEMEHHO C JBYX IMPOTHBOIOJIOXKHBIX KOHIOB KaXXIOr0 W3 TPEX B3aUMHO-
NEPIEHIUKYJIAPHBIX HANpaBiICHUM. OTO MO3BOJIMT HCKIIOYUTH BO3MOXHOCTb
TPAHCIISILIMOHHOTO CMELEHHsI K-spa (WK BCel KIETKH B LI€JI0M) M3-3a OJHOCTO-
POHHETO BO3ACHCTBHUS.

Ecnu u3noxeHHbIE BbIIIE OCHOBBI O€3MacCOBOM CTOXAaCTUYECKOW KBAaHTO-
Boil MexaHuku (BCKM) opranemn 6noorn4eckoil KIETKH OKaKyTCs BEpHBIMHU,
TO KBaHTOBBIM IEPEXO] K-A1pa W3 OJHOTO YCPEJHEHHOI'O COCTOSIHMS B APYroe
€ro COCTOSIHHE (T.. CKaYKOOOpa3HOE U3MEHEHUE KOHPUTYpallui TEMHO-CBETIBIX
ISATEH Ha JKpaHe MOHMTOPA), JODKEH IMPOUCXOJIUTH IMPH Mepeaadye JTaHHOMY
K-JIpY JIOIOJHUTEIBHOMN IMOJTHON MEXaHUYECKOW SHEPTETUYHOCTH

Aén = enk— Enk+j » (I13.13)
TJIE &nk — TIOJTHAS MEXaHUUYECKast DHEPTEeTUIHOCTh K-SIpa B COCTOSTHUH K;
Enk+j — TIOJTHASI MEXaHWYECKasi SHEPTeTUYHOCTh K-51/[pa B COCTOSIHUM K+]

(3mech j=1,2,3,...).
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B »TOM oTHOmIeHMU Oe3MaccoBas CTaTHCTUYECKas KBAHTOBas OMO(H3HMKA
(~10_3 CM) HE JIOJDKHA OTJIMYATHCS OT KBAHTOBOW (DM3HMKH JIEMEHTAPHBIX YACTHI
(~107"3 cm). PasHuIa 3aKI0YATHCS TONBKO B MACIITAabax paccMaTpUBaEMBbIX IMPO-
[IECCOB, KOTOPbIE OTINYAIOTCA JIPYT OT Jpyra npumMepHo Ha 10 mopsiakos. Mexny
TE€M B COBPEMEHHOM HayYHOM COOOILECTBE HET COMHEHHMI, YTO KBAaHTOBAsI MeXa-
HUKA TIPUMEHUMA JUISI OITMCAHMSI TPOIIECCOB B MPOMEXKYTOUHBIX MacITadax, T.e.
Ha MOJIEKYJSIPHOM YpPOBHE (~10_8 cM). Hampumep, KBaHTOBO-MEXaHUYECKUMU
METOJIJaMHU OMHUCHIBAIOTCSA OCUMJUIALIMYA aTOMHOM pereTku ((hOHOHBI), MOJIEKYJISp-
HbIE BUOpALIUU U T.1I.

HckyccTBeHHBIN NEepeBOJl OpraHesuibl (B YaCTHOCTH, K-sijipa) Ouosoruue-
CKOM KJIETKH B BO30YX/IEHHOE COCTOSIHAE, MOKET UMETh IPAKTUYECKOE 3HAUCHHE.
Hanpumep, He uckmoueHo, 4to renerudeckomy matepuany (JHK w/wmm PHK)
BUPYCOB OYAET CJOXKHEe MPOHUKATh BHYTPh K-A1pa 4epe3 ero sAepHbIE MOPHI,
€CJI OHO HAXOJIUTCSA B OJHOM M3 BO30YXIEHHBIX COCTOSHUH (CMOTpPUTE pHC.
[13.3). TloaToMy BO3MOKHO, UYTO CIOCOO 3BYKOBOTO HJIM MHOTO MEXaHHUYECKOTO
BO3/ICHICTBUS HA AP0 U/UIU JPYTryUe OpPraHesIbl KJIETKU OKaxeTcs 3(EeKTUBHBIM

croco0oM 60pbOBI ¢ BUPYCHOM HH(pEKIueH.
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