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1 Benenmne
B 1924 r. Jlyn ne bpoinb npeamnonaokui, 4YTO PaBHOMEPHO U MPSIMOJMHEHHO JBHXKYIIEHCS
4acTHULIE C MAaCCOM M U CKOPOCTBIO V MOYXHO ITOCTaBUTh B COOTBETCTBUE IUNIOCKYIO BOJIHY
w=exp{i(Et - pr)/h}, (1.2
rae E — KHHeTHYeCKast SJHEPrHsl YaCTHIIbI; P = MV — ee uMnyJibe; h — nocrosinnas [lnanka.
JlmrHa TakoW MOHOXPOMAaTHYECKON BOIHBI onpeaensiercs hopmyinoit ae bporins
b = himv. (1.2)
JlaHHast uaest NOCIyKUiIa OCHOBAaHUEM Ul Pa3BUTHS KOPILYCKYJISIPHO-BOJIHOBOIO Jlyalli3Ma
M, B YaCTHOCTH, IO3BOJWIA OOBSACHUTH PsA OKCIEPUMEHTOB MO IUGPAKIUU DJIEKTPOHOB,
HEWTPOHOB M aTOMOB Ha KPUCTAJJIaX M TOHKUX IUIeHKax [1, 2]. B ¢BsI3u ¢ 3TUM, IPUHSTO CYUTATh,

4TO0 AM(PAKIMOHHBIE MaKCHMyMbl B JKCIepuMeHTe JIpBHccoHa - JIkepMepa HOSBISIOTCS B
HaIPaBIICHUAX, OTBEYAIONIMX yCJIOBHIO bparra - Bymspa 2dSin 6, =nA,, wm c yderom

MPEJIOMIICHUS «JICKTPOHHBIX BOJH» B KprcTayuie [1]:

1

2 2
2d (ne —Cos” 6, )2 =NAy,, (1.3)
rac d — MEeXIIOCKOCTHOE pPacCTOAHUC KpHCTaHHquCKOﬁ PCUICTKU, 95 - 6p3FFOBCKI/II71 yroua

ckonbkenus (puc. 1), n = 1, 2, 3...— nopsaok uutepdepeHun (HId OTPaKEHHS), deb — JUIMHA

9JIEKTPOHHOMU BOJIHBI J1e bpoilsis, Ne — OKa3aTess NPEIOMIICHUS AIEKTPOHHOM BOJIHBI € bpoiis.

0, 0,
—o . . -
d sin 0, d sin 0,
—o * ° ° -
d
— ° . ° >

Puc. 1 Ycnosue bparra - Bynbda npu qudpakiun MukpodacTull (B 4aCTHOCTH, JIEKTPOHOB WU
(OTOHOB) Ha TIOBEPXHOCTH KPUCTAIIA. —» — HANPABJICHUE BMKCHHS TaJAfOIIMX MUKPOYACTHIL;
—» — HalnpaBJIeHHE JBU)KEHUS OTPaKEHHBIX MUKPOUYACTHUIL

[Ipobnema, omHaKO, 3aKIIFOYAETCS B TOM, YTO 3a mpomeamme 95 netr Bonubl ne bpoins He
ObUTH OOHApY>KEHBI AKCIEpUMEHTanbHO. OHU TaK U OCTaJINCh BCIIOMOTATEIbHONW MEHTaIbHOM
KOHCTPYKLHEW, KOTOpas IO3BOJIAET OIUCATh SIBJICHUE MAaTeMAaTHYeCKH, HE pacKpbIBas CyTH
MPOUCXOSAIINX IPU ITOM COOBITUH.

B sToii cTaThe IIOKa3aHo, 4TO nnd)pammﬂ MHKPOYAaCTUI Ha KPUCTAJIJIC MOXKET OLITH OITMCaHa
0e3 mpuBledYeHHs] HWIeu Ae bpoitist 0 BONMHOBBIX cBoicTBax Marepuu. Omnupasch Ha 3aKOHBI

OTpaXXCHUA FeOMCTpHQCCKOﬁ OIITUKHU U TCOPUIO BCpOHTHOCTCﬁ, B KOHIIE JaHHOH CTaThbU IoJIyucHa



dopmyna (3.9) [um (3.10)] mist pacuera auarpamMm yopyroro paccesiHust Mukpodactuil (JIYPM)
HAa MHOTOCIIOWHOM MOBEPXHOCTH KpHUCTA/Ula. Pe3yibTaThl pacuyeToB MO JTOW (opmyrie

COTJIACYIOTCS C IKCIIEPUMEHTAILHO NOJTY4YEHHBIMHU 3JICKTpOHOrpamMMamu (puc.la).

a) | | 6)

Puc. la @) OObeMHas aAuarpaMma pacCesiHUs MHKPOYACTHI[I Ha MHOTOCTIOHHOM MOBEPXHOCTH
KpHUCTajla, IMOJydYeHHas B pe3yibTare pacueroB mo ¢opmyne (3.9); 6) DxcnepuMeHTaIbHO
noJy4eHHas snekTponorpamma (pororpadus us https://www.sciencephoto.com/media/3883/view)

Kpowme Toro, B 1aHHOH cTaThe pa3paboTaH METOJl pacueTa 0ObEMHBIX IUarpaMM paccedeHus
MUKPOYACTHI] HA HEPOBHBIX TOBEPXHOCTAX C Pa3IMYHBIMHU CTATUCTUKAMU BBICOT HEPOBHOCTEM.

[Ton «MuKpoUYacTULIAMI» B TAHHOK paboTe MOApa3yMeBarOTCs JHOObIE YacTHIIBI (()epMUOHBI
u 0030HBI), pa3Mepbl (WM JAJUHA BOJIHBI) KOTOPBIX MHOI'O MEHBIIE XapaKTEPHBIX pa3MepOB
HEpOBHOCTEH OTpakarolled MOBEpXHOCTH (KUPXIOo(OBCKOE MNPHUOIIKEHUE), U OTpa)KeHHe
KOTOpBIX IPOUCXOAMT II0 3aKOHAM TIeOMETpUYEecKOoW omnTHKM. Hampumep, «MHKpodacTHLIEH»
MO’KET Ha3hIBaThCA DIEKTPOH ¢ d(BPEKTHBHBIM pazMepoM mopsanka 107 cM, koToperii oTpaxkaeTcs
OT MOBEPXHOCTH KPUCTALIa C XapakTePHBIMU pasMepamu HepoBHocTeil Gosnee 10 cm. Taxxke
«MUKpOYACTULEIH» MOXKET CUMTAThCS (PYTOOIBHBIN MAY ¢ TuaMeTpoM 22,3 cM, OTpakaroLuiics oT
HEpOBHON TBEpON MOBEPXHOCTH, YCPEAHEHHBIH pajguyc KpuBHM3HBI KoTopoil Gomee 20 m. K
«MHUKpPOYACTULIAM» TaKKe OTHOCITCS (OTOHBI U (POHOHBI C JUIMHOM BOJIHBI A Ha JBa MOpsaKa
MEHBIIIEH, YE€M paguyC aBTOKOPPEJSLMM BBICOT HEPOBHOCTEH OTPAXKAKOIIEH ITOBEPXHOCTH
(ITpunoxenwue 1).

PaccesHuio wyacTUIl U BOJH Ha HEPOBHOM TpaHMIIE IBYX CpeJ IOCBSIIEHA OOLIMpHAas
auTepaTypa, Hanpumep, [3 — 27]. Oanako Gopmysibl Ui pacuyeTa 00bEMHBIX JUArPAMM pacCesHHs
YacTHUIl WM BOJIH Ha MOBEPXHOCTSIX C Pa3IMYHBIMU CTaTUCTHKAaMHU BBICOT HEPOBHOCTEH B ciIydae
KUPXTO()OBCKOTO TNPHUOIIKEHHUsI B JHUTEpaType MPAKTUYECKH OTCYTCTBYIOT, U B 3TOW cTaThe
IIPUBOJISATCS BIIEPBBIE.

B crarbe mnomyueHsl OOBEMHBIE qUArpaMMbl YIPYroro paccesHdus MHKPOYacTHUIl Ha

OAHOPOJHBIX W H3OTPONHBIX HCPOBHBIX TIMOBEPXHOCTAX C TayCCOBBIM, pPaBHOMCPHBIM,
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JATUIacoOBBIM, CHUHYCOUJANBHBIM M Jp. pacHpeleseHUsMU BBICOT HEpoBHOCTeH. JlaHHBIE
aUarpaMMbl  pacCesHUs, OTHOCATCS K JIFOOBIM  BBIMICTICPEYUCICHHBIM  MHKPOYACTHUIIAM

(pepmuonam u 6030HaM).

2 Method

Llenpto naHHOTO pa3zena CTaThbu SBISETCA pa3paboTKa METoJa pacyeTa OObEMHBIX AHArpaMm
yrpyroro paccessaus mukpodactuil (JIYPM) (B uacTHOCTH, 371€KTPOHOB, (POTOHOB HJIK (POHOHOB)
Ha CTaTUCTHYECKU HEPOBHBIX IMOBEPXHOCTAX IPU BBIOJHEHUU YCIOBUN KHUPXTO(OBCKOTO
npuOmbkeHus (T.e. KOTrJa YCPEAHEHHBIM paauyc KpPUBHU3HBI WIM PaJAUYyC aBTOKOPPEISIUU
HEPOBHOCTEH OTpa)karolleld MOBEPXHOCTH 3HAYUTENHHO OOJIbIIIE Pa3MEPOB WM JJIMHBI BOJIHBI

MUKpPOYACTHULL).

2.1 OTpaxkenue ynpyrux MUKpoO4acTHIl OT HEPOBHOIi MOBEPXHOCTH
PaccmoTpuM naseHrne MUKpOUYacTHIl Ha TOBEPXHOCTh TBEPJIOTO (MJIM JKUJIKOT0) Tena (puc. 2) rnoa
yriaamu 4 u y (puc. 3), 1 UX OTpakeHHe OT JaHHOM MOBEPXHOCTHU MO/ yIJIaMH V U (.

A

Z

Y

Puc. 2 Paccesnne MukpoyacTuil (B 4aCTHOCTH, DJIEKTPOHOB MM (DOTOHOB, T.€. JIy4a CBETa) Ha
OTpaXkarollleld MOBEPXHOCTH, rAe. 1 — reHeparop MHUKpPOYACTHUIl; 2 — OETEKTOP MHUKPOYACTHII,
3 — TBep/10€ WIIH KHUIKOE TEJIO (B YaCTHOCTH, KPUCTAJT METaJlJIa UK 00bEM BOJIbI)

[IpencraBuM BepxHUW CJIOM Tella B BHAEC JBYXMEPHOHM CTaTUCTUYECKH HEPOBHOMN
noBepxHocTH &(X,Y), MOBTOPSIFOIIEH CTPYKTYypY €ro aTOMHOM perieTkd (puc. 3) WM BOJHEHUS
JKHJIKOCTH.

N3BecTHO, 4TO ynpyrue 4acTHUIlbl (UM BOJHBI), IBHIKYIIUECS CO CKOPOCTBIO V, OTpakaroTcs
OT TJIaJIKOW MOBEPXHOCTHU TBEPJOTO (HMIM KUAKOTO) Teja MO 3aKOHAM T'€OMETPUUYECKON ONTHUKH:
1) nmapmaroras yactuna (MK Jyd CBeTa), OTpaXKeHHas yacTuia (MU JIyd CBETa) M MEPICHIUKYIIAP

(HOpMaJh) K OTpaXKaroIei MOBEPXHOCTH, BOCCTAHOBJICHHBIN B TOUKE MaJICHUS YaCTUIIBI (MK JTyda



CBETa), HAXOMIATCS B OJHOM IUIOCKOCTH (TUTOCKOCTH TajaeHus); 2) yron magenus Qi paBeH yriry
orpakenus Q2. Takoe sBIIGHWE HA3BIBACTCA «3EPKAIBHBIM OTPAKEHUEM» WM «YNPYTUM
paccessHueM» MUKPOYACTHIL.

[Ipn BBINONHEHUHM YCIOBUS YIPYroro paccesHus JByMepHas GYHKIUS IUIOTHOCTH
pacrpenenenust BepostHocTa (PIIPB) p(v,w) TOro, 4ro MHKpOYacTHIlA OTPA3UTCS OT HEPOBHOMN
OTpakarolled MOBEPXHOCTH MO yriaamu v, @ cootBeTctByeT ®IIPB p(y,¢0) TOrO, 4TO €AMHUYHBII
BEKTOp HOPMAJIM K TOBEPXHOCTH N, B MECTE MaJCHHUS MHKpPOUYACTHIIbI, OyJIeT HampaBlieH O[]

yriiamu y, ¢ (puc. 3,4 u 5).

ABHMYTEU'[B HOE€ CCUCHHC

AzHMyTansHOE ceueHHe (y) ATOMSI BElIECTBA, OT T10- ®| &) IDByXMepHOII HEpOB-
JIBYXMEPHOH HEPORHOM 1O~ BEpXHOCTH KOTOPOTO OT- HOIf MOBEPXHOCTH &(X.V)
BEPXHOCTH &(x,V) B HalIpag- PAKAKTCA MHKPOUACTHIIEL B [IPOH3BOJILHOM HAIIpaB-
JIEHHH OCH ¥ IeHuH R

Puc. 3 YdyacTok HEpOBHON MOBEPXHOCTH, OTPAXKAIOIINUNA MUKPOUYACTHLIBI, TIE!

8, y — yribl, 3a/1a0111Me HalpaBlIeHUE MMaIeHUs] MUKPOUYACTHIIBI HA OTPAXKAIOIIYI0 ITOBEPXHOCTD;

V, @ — yTIIbl, 33JAI0LI1E HAIIPABJICHUE OTPAXKEHUS MUKPOYACTHULIBI OT JAHHOU ITOBEPXHOCTH;

af — €IMHUYHBIN BEKTOP, YKA3BIBAIOIINI HAIIPABJIECHUE HA TEHEPATOP MUKPOYACTHIL;

N — €IMHUYHBII BEKTOP HOPMAJIH K IIOBEPXHOCTU B MECTE NaJCHUS MUKPOYACTULIBL,

ar— €IMHUYHBIN BEKTOP, YKA3bIBAIOIINI HAIIPABJICHUE ABUKEHUS MUKPOYACTHIIB, ITOCIIE
YIPYTOro CTOJKHOBEHHS C OTPaXKarolel ITOBEPXHOCTHIO



Puc. 4 3epkajgpHOE OTpaKEHHE MUKPOYACTHIIBI OT Y4acTKa HEPOBHOMN IMOBEPXHOCTH 10 3aKOHAM
reOMETPUYECKON ONTHKM: 1) yIpyroe OTpakeHWe YacTHIBl (WM Jiyda CBETa) MPOMCXOIUT B
IUIOCKOCTH €€ MajJeHus, 2) YroJ OTpakeHHs dYacTuiel (Mid jyda cBera) Q2 paBeH yriy ee
nagenus Qi (1.e. BoimosHseTcs yenoBue Q2 = Q1)

Zt.
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Puc. 5 Wnmoctpauus g onpenenenns (yHKIMOHAIBHOM CBSI3U MEXIY yIilaMH Y, ¢ U yriaMu
V, @ TpYU 33JaHHBIX yriax 4, y, rae: Q1 — yroa najeHust MUKpoyacTUIsl U Q2 — yroi ee oTpakxeHus
yIOBJIETBOPSIOT yeinoBrio Q2 = Q1; BekTOpHI &, 8, , N j1exkaT B ofHoM miockoctu AOB

[Mostomy wu3 @OIIPB p(r,¢) w™oxuo mnomnyuuts DIIPB p(v,e/$,y) ¢ mnomolso
npeoOpa3oBaHMs EPEMEHHBIX:
p(0) = plr=fi(v.0l9y); o=f(v.0l9,7)} |Gro| = p(v.0/8,7)|Gvol, (2.1)
rie
x = fi(v,0l,y) (2.2)
— (yHKIIMOHATBHAS CBSA3b MY YIJIOM } M yIJIaMH Vv, @, IPH 3aIaHHBIX yIiax 3, y;
o = f(v,0l3,y) (2.3)
— (yHKIIMOHATBHAS CBS3b MY YIJIOM ¢ M YIJIaMH V, @, IPH 331aHHBIX yriax J, y.
p{v,0l8,y}Gve| — ®IIPB TOro, 4ro MHKpOYacTHIIa OTPAa3HTCS OT HEPOBHOM IOBEPXHOCTH B

HaIllpaBJICHUHU, 3aJTaHHOM YTJIaMH V, v, IPU U3BECTHBIX YIJIaX 19, Vs



|Gyo| — sKOOMaH peoOpa3oBaHus IEPEMEHHBIX ¥, ¢ B IEPEMEHHBIE V, (.

B 3TOM ciy4ae BepOSTHOCTH TOTO, YTO 4YaCTHIA, HCXOIHOE HAIpaBICHHUE JIBHKCHUS
KOTOPO#l 3a/aHO0 yriamu ¢ W ), OTPA3UTCS OT IMOBEPXHOCTH B HAIMPABICHUH, OrPAHHYCHHOM
nuanasoHamu yrios dv u dw, paBHa

P(v,w) = p(v,0/9,7)|Gvo|dvdw.

Ota ¢Gopmyiia, MO CYTH, MOKa3bIBACT, KaKas 4acTh OT MOJHOTO YMCJIa MUKPOYACTHUI] (HIIH
MOJIHOM DHEPIHU BOJIHBI), YIABIIMX HA OTPAXKAIOIILYI MMOBEPXHOCTH, PACCEETCS B HAIPABICHUH
3a/IaHHOM YIJIaMH V M @ B MIPEIeNax 3JIeMeHTa TeaecHoro yria dQ = dvdw.

Ecnu reHeparop W JCTEKTOP MHKPOYACTHI[ HAXOISATCS Ha OOJBIIOM PACCTOSHUH OT
paccMaTpUBaEMOro ydacTka oTpaskaromiei moBepxuoctu (puc. 2), To ®IIPB p(v,w/9,y)|Gve| (2.1)
omnpeensieT 00bEMHYIO THArpaMMy YIIPYTOTO PACCESIHUS TAHHBIX YaCTHIl Ha 3TON MOBEPXHOCTH

D(v,wl3y) = p(v,0!9,9)|Gva|. (2.4)

B cinydae, korga AETEKTOp MHKPOYACTHI[I HAXOAWUTCS HA MajlOM pAacCTOSHHH OT
paccMaTpuBaeMOro y4acTKa OTpakarollel MOBEpXHOCTH, TO AJiA HaXoxaeHus oobemuoin J[YPM
D(v,w/9,y) cienyer npoMHTErpHpPOBaTh MPABYIO YacTh BbhipakeHHs (2.4) 1o BCeM yriaM v U @, 1o
KOTOPBIM OTPa)KEHHBIC MHKPOYACTHUI[BI MOTYT TIOIACTh B AllepTypy ACTEKTOpa (MIH B OJHY TOYKY

Ha IIaCTUHE 3JICKTPOHOI'paMMbI UJIN peHTFeHOI‘paMMLI)

Vo @

D(v,w/8,y)= IIp(v,wlS,yNGm

Vi@

dvdo. (2.5)

B or0if craThe maHHBIA ciaydyall He paccMaTpuBaeTcd. To ecTh B JajibHelnieM Oynem
1I0JIaraTh, YTO I€HEPATOp M JAETEKTOP MHUKPOYACTHI] HAXOJATCA HACTOJIBKO AAJIEKO OT ydacTKa

OTpaXKaroIIeH MOBEPXHOCTH, YTO JOMYCTUMOIO BOCIIOJIB30BAThCS YIPOILICHHON Gopmyiioi (2.4).

2.2 OYHKIHOHAJIBHAS CBSI3b MEXKIY YIJIaMH ¥,¢ U v,0l9,y

Haiinem ¢ynkumnonansueie cBsizu (2.2) u (2.3). Ha puc. 5 moka3zaHbl eJMHUYHBIE BEKTOpa
a;,d,,, Hayalo KOTOPBIX COBMAJAET C HAYaJIOM JIOKAIBHOW cHcTeMbl orcueta XYZ
(HaxoIsIUMCsT B TOYKE CTOJIKHOBEHHS MHKPOYACTHIIBI C TIOBEPXHOCTHIO), @ MX KOHIIBI 3aaHbI
CIICAYIOUIMMHU KOOPANHATAMHU:

8, ={ay a,,a, = {cos gsin y,cos 9cos y,sin 9} (2.6)
— eIMHUYHBINA BEKTOP, YKA3bIBAIOIIHI HANIPABJICHUE Ha TEHEPATOP MUKPOYACTHIL (puc. 2 u 3);

i = n,, N, N,, j= {cos x sin p,cos y cosg,sin y}

— €IUHUYHBIA BEKTOP, HOPMAJTH K TIOBEPXHOCTH B MECTE MaICHUS] MUKPOYACTHIIHI,

8, =1a,.a,,a,, /= {cosvsin ,cosv cos @,sin v} (2.7)



— €IMHUYHBIA BEKTOp, YKa3bIBAIOIIMI HalpaBJIEHUE BUKEHUS MUKPOYACTHUIIBI, TIOCIE yNPYroro
CTOJIKHOBEHUS C OTPa’KaroUIel OBEPXHOCTBIO.

W3 puc. 5 BUIHO, YTO NIpU BBHINOJIHEHUH 3aKOHOB I€OMETPUYECKON ONTUKH (TO €CTh IpPHU
Q2 = Q1), BeKTOp HOpMaJH N 3aaeT HAPaBJICHHE OUCCEKTPUCHI PABHOOEIPEHHOTO TPEYTOJIbHUKA
ABO, cTopoHamMH KOTOPOTO SIBJISIOTCS €IMHUYHBIE BEKTOPHI af U Ar.

OueBuzHO, YTO 3a7aB KoopauHaTel Touku N, pasgenstomiedt orpe3ok AB momosnam, mbl
MOJY4YMM KOOpJAMHATHI KOHIIA BEeKTopa D, COBMajaromiero MO HAMpaBICHUIO C HAlpaBICHHEM
BeKTOpa HopMaiu N. Mcromb3ysi KOOpIMHATHI KOHIIA BeKTopa af (2.6) u KoHIa BekTopa ar (2.6), ¢

MTOMOIIBI0 METOOB aHATUTHYECKOM reomerpun [29 — 31], monyunm

b=

= {b b b}_{cowsin @+ C0SJSin y COSV COS@ + COSFCOSy Sin v +Sin .9}
x1 My Mz ) 2 2 2 )

N3 ckamsproro npousseaenus BekropoB b u k ={0,0,1} (rme K 3amaer mHampasieHnue ocu

0Z, puc. 5) (6?):‘5‘ ‘IZ‘ cos(z/2—y) :‘5‘ ‘IZ‘ Sin y, omlpeaeanuM yroi y

b-k . sin v +sin 9
=arcsin ,

‘BHIZ‘ J(cosvsin @+cos 9sin ) +(cosv cos @+ cos $cosy ) + (sin v +sin $Y

y =arcsin

(2.8)
3TO MCKOMasi (PYHKI[MOHATbHAS 3aBUCUMOCTD (2.2).
Ha pwuc. 5 Buano, uro ¢ — 310 yron mexay Bekropamu j = {0,1,0}m ¢, rae j 3amaer

nanpasienne ocu QY, a BEKTOp ¢ — 3T0 npoekius BekTopa b Ha mmockocts XOY

C =

_ {CX’cy’o}z{cowsm w;co&%my COSVCOS&);—COSSCOS}/'O}. 2.9)

W3 ckanspHOro Npou3BEACHHUS (6 . ]): |6| m COS @ HaxoauM

(C-ﬂ COS V' COS @ + COS $ COS ¥
¢ = arccos| ~——=4 | = arccos :
c]-|] J(cosvsin @+ cos gsin 3 + (cosv cos @ + cos $cos y )

(2.10)

3TO BTOpast UCKOMasl ()yHKIIMOHAJIbHAS 3aBUCUMOCTS (2.3).

2.3 SIkoOuaH npeodpa3oBaHus MepPeMEHHBIX ¥, ¢ B IepeMEeHHbIE V, () NPH 3aJaHHBIX 4, Y
BBenem ycnoBHble 0003HaUEHUS

a = CoSv COSw + c0sY cosy; b =cosvsinw + cosdsiny; d=sinv+sing; a,’=-sinv cosw;
by’=—sinvsinw; ¢,”=C0Sv; a,’=-Cosvsinm; b, = CoSv CoSw. (2.11)
npu 3ToM BeipaxkeHus (2.8) u (2.10), ¢ yueToM MHOTO3HaYHOCTH 0OPAaTHBIX TPUTOHOMETPUIECKUX

GyHKUMH, TPUOOPETAOT BUJ



7 =mxz+(=1)" arcsin (#J (2.12)

va?+b?+d?

@=2mm+ arccos[ (2.13)

a
)
rrem=0,1,2,3, ...

U3 puc. 2, 3, 5 BuaHO 4TO, YIJIBI }, ¢ MOTYT npuHMMaTh 3Hauenus y<[0, n/2], p<[0, x].
YuTeM TakKe, YTO HWHTEPBalbl OJHO3HAYHOCTH OOPATHBIX TPUTOHOMETPHUCCKHX (DYHKIMI
3aKIII0YEHBI B mpuaenax: arcsin(x)e[— n/2, n/2], arccos(x) [0, «]. ITosTomy B BeIpaskeHusx (2.12)

1 (2.13) monoxum M = 0 u BeIOepeM (+), B pe3yJIbTaTe MOJyYUuM OAHO3HAYHBIE 3aBUCHMOCTH

) d
=f(v,wl 9 y)=arcsin| —— |, (2.14)
X 1(1/6() 7/) ( /—a2+b2+d2j
p="1,v,0l9y)= arccos[Lj. (2.15)
vJa? +b?

Haiinem sikobuan npeobpaszoBanus |G| MepeMeHHbIX ¥, ¢ B MepeMeHHbIe vV, ®. 111 3Toro

BBIUUCIIUM JIETCPMUHAHT MaTpHilbl [32, 33]

ofy,  ofy
ov Ow
G,,| = _of, of, _of, of, (2.16)
% % ov ow Ow OV
ov ow

[Monacrasnsas pyukuun (2.14) u (2.15) B nerepmunant (2.16), ¢ yaerom ob6o3Hauenwuii (2.11),

MOJIyuuM HCKOMBIN IKOOMaH Hp606p330BaHI/I$I

_|d(a)b;, —ajb!)+c)(ba;, —ab))
" Ja? +b?(a? +b? +d?)

G

‘. (2.17)

JlaHHBIN pe3ysbTaT MOJIy4eH aBTOPOM COBMECTHO ¢ K.T.H. Koctuneim C.B.

2.4 Onpenenenue ®IIPB p(y,0)

[Monyunm OIIPB p(y,p) (2.1). s 3T0ro mpeacraBuM OJHOPOIHYIO M H30TPONHYIO HEPOBHYIO
OTPaXKalOIIyI0 IOBEPXHOCTh B BHAE JBYXMEPHOTO CTAallMOHAPHOTO CIIyYaiHOTO Tpolecca
u3MeHeHusI BbIcOT HepoBHocTer &(X,y) (puc. 3). Jlroboe a3uMyTanbHOE TOINEPEYHOE CEYCHHE
(Hanpumep, BaoJb ocu Y) mporecca &(X,Y) SIBISETCS OJIHOMEPHBIM CTAllHOHAPHBIM CIyYaliHBIM

nporeccom &(Y).



ITycts Ham u3BectHa PITPB p[&(y)] BeicoT HepoBHOCTEH &(Y). Huke Oyaer mokasaHo, 4ToO
Ha ocHoanuu OIIPB p[&(y)] moxuaO momyunts PIIPB p[&” (y)] mpousBomHOW 3TOro
CTaI[MOHAPHOTO citydaitHoro mporecca &£’ ().

YuuteiBas, uto &’ (y) = tgf (puc. 4), rae [ — yroin Mexmay KacateabHoi K mporeccy & (Y) u
oceio Y, caenaeM B p[&7(y)] 3ameny nepemennoii £”Ha f. B pesynbrate nmonyunm OIIPB yrios S
B HCCIICAYEMOM a3uMyTalibHOM ceueHunu & (Y)

1
cos? B’

p(B) = p(tgp) (2.18)

rae |G /»’| = — sIKOOMaH MmpeoOpa3oBaHusl.

cos® f3

W3 puc. 4 BuaHO, 4TO MEXYy yriamMu £ U y UMeeTcsl OJHO3Ha4YHasl (PyHKIMOHAJIbHAS

3aBUCUMOCTh [+ y + m/2 = m, OTKy1a cleayer

p=n/2—y.
C yuerom 3toro Beipaxenus, caenaem B OIIPB p(f) (2.18) 3ameny nepemeHHoit S Ha y
1
=pltg(n/2 — Y)]|————|,
p(B) = plg(m/2 = 1| 2-2)

¢ IKOOMaHOM TPEeoOpPa3OBaAHUS ‘G Z‘ =1.

Vurewm, uto tg(#/2 — y) = ctgy, cos(m/2—y) = siny. B pesynbrare nonyunm OIIPB yrios y

! ‘ (2.19)

plr)= p(ctgz)(sin .

B ciyuae cratucTHdeckoll HE3aBHCUMOCTH YIJIOB y U ¢ (YTO UMEET MECTO JIJIsi MHOTHX

HEPOBHBIX MmoBepxHocTei ), coBmectHass OIIPB p(y,¢) (2.1) MoxeT OBIThH pe/CTaBICHA B BUJIC

olo) (220

0= plelolo) = ploar| ot

Z[J'ISI OIHOPOAHBIX MW HM3OTPOMHBIX CTATUCTUYCCKU HCEPOBHBIX HOBerHOCTCP’I yroia o,

OIPECISIFONINIA a3MMyTAIbHOE HAMpaBlIieHHE MPOCKIMU HopMmaiu Ha miockocTb XOY (puc. 5),

MOXeT ObITh PABHOMEPHO pactpesieiicH B uHTepBaie oT 0 no 2z, npu 3tom PIIPB p(¢) 3amaercs

BBIPAKCHUEM
1

plp)=—. (2.21)
2r

[Moacrariss (2.21) B (2.20), mony4um rckomyto nBymepuyto OIIPB (2.1)
1
,@)==—|——1plctgy). 2.22
Al g)=7 I plcter) (2.22)




Ecmu otpaskarorast moBepxHocTh HeuzorpormnHas, 1o @IIPB p(p) Moxer 3amaBaThcst Apyroi

byHKUMEH, HapuUMeDp,

2sin
plp)=""2, (2.23)
V4
A2 2
WIN p((p):—4sm PCos @ (2.23a)
Vs
B stom ciyuae neymepnas OIIPB (2.1) Oyaet umeTh BHT
ta 2
plr.p)= 202 L (ctgy) - 2= ‘o) 1 |p(Ct9;c) (2.24)
T |sin®y r  |sin?y]|
4sin’ pcos’p| 1 4(1-
wm p(y,0)= LI (DI — | plctgy)= (A-cos’ p)cos’p| 1 |p(ctg;(). (2.24a)
w sin | T Isin? |

Emre pa3 ormetuM, uro ®IIPB p(y,¢) (2.22), (2.24) u (2.24a) nonydeHsl 11 Cirydasi, KOrjaa
HEPOBHYIO MOBEPXHOCTh MOKHO IPEJICTABHTh B BHJIE JBYXMEPHOTO OJHOPOIHOTO CIIy4aifHOTO
npollecca M3MEHCHUS BBICOT HEPOBHOCTEH &(X,Y), KakI0e a3UMyTaIbHOE CEYCHHE KOTOPOTO
SIBJSIETCSL  CTalMOHApHBIM ciydaiaeiM  mporieccoM (CCIT) &(r) (puc. 3) ¢ OIUHAKOBBIMH
ycpenHeHHbIME  XapakTepuctukamu: OIIPB, marematnyeckum OXUJaHUEM, JUCIEPCUEH U

APYIruMHr Ha4aJIbHBIMU LICHTPAJIbHBIMU MOMCHTAaMHU.

2.5 OO0uuii B 00beMHOI THArPaMMBbI YIIPYTOro paccessHusi MUKPOYACTHUI
Haiinem o6muit Bua o6semuoi JJYPM (2.4)
D(v,wl$,) = p(v,0l3,7)|Gve| = p{r=f1(v.013,y); p=F2(v,!3,7)}Gye|. (2.25)
C yuerom (2.17) u (2.22) Beipaxkenue (2.25) npuHUMAET BU]T

| ctaly = (.o ld(ab;, —a’p;)+c!(bal, - b))
)}|p[ ol = £ /3’7)}1 Ja? +b2(a +b® +d? ) ‘

1 1
Vurem, uro 1+ Ctg2 X =—5—, OTKyna cuexyer Cigy = |———1, mosromy nanHOe
sin“ y \'sin? »

BBIPAXKCHUC MOXKHO IPEACTABUTL B BUJIC

i s
27 |sin Uy=1(v.0l 8,y

D(v,w!8,y)==

_ 1 L | L ., |d(@b, —aih;)+ ¢, (bay, — ab, )
D(V'w/g'y)_27r|sin2 f,(v,0!89,7) | [\/sm f,(v,0!9,7)} }‘ Ja? +b2( +b2+d2) ‘
(2.26)

IToncrasnss B (2.26) GyHKIMOHATBHYIO 3aBUCUMOCT (2.14) 4 = arcsin

1 a2+b2+d2| a’+b?
27| a2 [V @

d
—— | nomyuum
[\/az +b? +d2j

d(a’b, —a’ b )+c. (ba/, —ab] )|
Ja? +b?(a® +b? +d?) i

D(v,w/8,y)=—




Yrporas 1aHHOEe BeIpaKeHHe, HaxoauM oomuit Bua JJYPM (2.25)

d(alb), —ab;)+ci(ba, —abl )| [ |a*+b* | (2.27)
d2\/a2+b2 | d

rae a, b, d, av; by ¢ aw’; bo’ 3amansl Beipakenusivu (2.11).

1
27

D(v,w/ 9,y)==

3ametum, 4To hopManbHO B BhIpaskeHuH (2.27) mpou3oluia 3aMeHa Ipou3BOIHON &' Ha

C +2b2 ¢ AKOOMaHOM IIpeoOpa3oBaHUs ‘Gm 19| = |d (avb“’ — a“’bV)+ G (ba’” — ab‘”)
d d*Va®+b?

BEIINYUHY

B cayuae, xorma ®IIPB p(y,¢) umeer Bua (2.24) wnu (2.24a) (T.e. KOrga OTpakaroImas

MOBEPXHOCTh Hem3oToMHas), To BMecto DIIPB (2.27), ¢ yuerom (2.15), momyuum

d(alb, —ab;)+c;(ba;, —ab;)

a’ +b?
d2va? +b? |p{\l d2 J (2.28)

2 b2
p( adt J (2.28a)

D(v,w/8,y)= 3[ b* j

7 a?+b?

4 a%? |d(ab, —alp)+c.(bal, —ab;)

D(v, ! 9,y)=="—
wim DUl dy) =" | 42l +.0° |

®opmynbr (2.27), (2.28) u (2.28a) moryt paccMmaTtpuBathesi B KauectBe JIYPM Ha
CTaTUCTUYECKU HEPOBHOW MMOBEPXHOCTHU MIPU CIEAYIOUINX yCI0BUAX (cMoTpuTe §2.1):

- HEpOBHAs MMOBEPXHOCTh CTATUCTUYECKU OJTHOPO/IHA;

- HEPOBHOCTH 3TOH MOBEPXHOCTU JOCTATOYHO TJaJIKU€ M KPYITHOMACIITAOHbIE IO CPAaBHEHHIO C
pazMepaMHi MUKPOUYACTHIIbI; IPU 3TOM OTpa)k€HHE MUKPOYACTHUI] OT BCEX JIOKAIBbHBIX YUYaCTKOB
HEPOBHOI TTOBEPXHOCTHU MPOUCXOMT 110 3aKOHAM T'€OMETPHUECKOM onTUKH (puc. 4 u 5);

- YYaCTOK HEPOBHOI MOBEPXHOCTH, YYAaCTBYIOUIMI B OTPaKEHUU MUKPOYACTHUI], HAXOJUTCS Ha

OOJBIIIOM PACCTOSIHUK OT TEHEPaTOpa U AETEKTOPa MUKPOUYACTHII (pHC. 2).

2.6 ®IIPB p[&/(r)] npon3BoaHOIi cTalIMOHAPHOTO CiIy4YaifHOro npouecca &(r)
B § 2.4 6pu10 MoOKazaHo, uto i onpeaeiacHus IYPM Ha cTaTHCTHYECKH HEPOBHOM OTpaKarolei
noBepxHocTH  &(X,y), Jr000e TONepeyHOe CeueHHe KOTOPOM OIMMCBHIBACTCS CTAIlMOHAPHBIM
ciny4aiiaeiM niporieccoM &(r) (puc. 3), Heodxoaumo Haittu OIIPB p[£” (r)] mpousBoaHO# qaHHOTO
npoiiecca.

Jlnst moucka p[&7 (r)] Bocnonb3yemest MeToioMm, npemiokeHubM B [34, 35]. Ecnu u3BectHa
®TIPB p(&) onromepHoro cTanuonapHoro ciydaitaoro mporecca (CCIT) &(r) = & to ®ITPB p(&”)
MIPOM3BOTHOM JTAHHOTO MPOIECCa MOXKET OBITh MOTyYeHa Ha OCHOBAHUU CJeayromel GopMaTbHON

nporeayps [34, 35]:



a) 3amannas OIIPB p(f) mnpeacrasmsercs B BUAE MNPOM3BEACHUS JBYX aMIUIHTY]L

BepositHOCTH Y(E):

p(&) =y &)y (8)- (2.29)
0) OcyniecTBIsAOTCS ABa peobpasopanus Oypoe [34, 35]

r l ° H [
V(€)= o [v(©enlicsinde, (2:30)

1 % .
*(E) = —— —i& . 2.31
v (&)= o [v@eel-iceinds (2:31)
rae n= ?i , (2.32)

or — cpennekBaapatuanoe otkionenue (CKO) cranmonaporo ciygaitaoro mporecca &(r) = &
I'cor — PaINyC aBTOKOPPEISIINH JAHHOTO MPOIecca.

8) Uckomas ®ITPB npoussoanoii CCIT &(r) = ¢ pasna [34, 35]:
P(&) = (&) (&) =p(&)" (2.33)
[Mpumenum npouenypy (2.29) — (2.33) misa naxoxaenuss OIIPB p[&” (r)] mpoumsBomHO#M
CTAI[OHAPHBIX CIYyYalHBIX MPOLECCOB C PA3IMYHBIMU CTATHCTUKAMH BBICOT HEPOBHOCTEH.
1] @IIPB npou3600HOl cMAayuOHAPHO20 2AYCCOBCKO20 CAVUAUHO20 NPOYecca
[Mycte B kaxmoir Touke ¢ CCIT &(r) cmyuwaiinas BenwunHa ¢ (B YacTHOCTH, BBICOTa

HepOBHOCTI/I) pacipeaciicHa 1o rayCCoBoMy 3aKOHY

1 2 2
p&) = @exp{—(a:—aﬂ) 1262,

Te on’ ¥ as — JMCTIepCHs U MaTeMaTHYecKoe OKMIaHne JaHHoro mporecca &(F).

(2.34)

Cornacao (2.29), mpencraBum OIIPB (2.34) B Bujae mNpoHW3BEICHHS [BYX AaMILUIHTY/T

BEpPOSITHOCTH

&) =w(E)w (&),

1
e w(&) = exp {— (¢-a,)’ /40521}. (2.35)
4 27ZJ§1

IMoncraBum (2.35) B (2.30) u (2.31)

! 1 T 1 2 2 Tl
viE)= - jw oo exp{-(£-a.,)? 1402 Jexpfic'e I myde, (2.36)
1

R 27r(7§1

1 .
w (£ — _(£_a \2 2 —iZ . 2.37
w*(&') o eXp{ 4 agl) /4o a }eXp{ IS¢ Inyds ( )

g =38

Brimonaum HHTCTPUPOBAHUC



1

\/2 2 /(2 )2 eXp {_ 5'2 /[277 /(20'51)]2 }exp{iaglg' / 77}’ (238)
427m .

w(&) =

Y (E) = e - £ 12020, )T fexp{ia, £ I} (2:39)
270" (20 )

B cootBerctBuu ¢ (2.33) nepemuoxum (2.38) u (2.39), B pe3ynbTaTe MoayduM
1

T

p(E) = expl-&? /202 ), (2.40)

H

rae cormacuo (2.32) 0= oz lreont (2.41)

— CKO npoaudhepeHIMpoBaHHOTO CTAIl[MOHAPHOTO CitydaiiHoro nporecca &/(r) = &7
lcort — paguyc aBrokoppensuuu ucxomuoro CCIT &(r) = ¢ ¢ rayccoBbIM pacipee/ieHHEM BBICOT
HEPOBHOCTEM.

2] @IIPB npouszsoonoti CCII ¢ pasnomepuvim pacnpeoeneHuem blcom HeposHOCMell

ITycte B kaxmoir touke I CCII &(r) = ¢ cnydaiiHas BenauuwHa ¢ pacmpenerneHa Iio
paBHOMEPHOMY 3aKOHY B HHTepBaje (1<¢ <&

1

52 - 51 l

Cornacuo (2.29), mpencraBum OIIPB (2.42) B Bupe NpoHM3BEICHHS [BYX AaMILUIUTY/T

p&) = (2.42)

BEpPOSITHOCTH

P(&) =y (& (2), (2.43)
1

. (2.44)
52 _51

e w(&)=

[Moncrasum (2.43) B (2.30) u (2.31)

w(f')=%ijjﬁexp{iéf/n}dé, (2.45)
w*(§'>=%§f#exp{—iff/n}df- (2.46)
27 1 \JE, - ¢
B pesyibrate Bhiancienns o bopumyse (2.45), momydmm
V(&)= ﬁ%jem{ié'ﬁ inpag=SPEER I SIS Gan
Varem, uto (& — &)2 = a2 — MaTemarmueckoe oxmmamme, Ci— & = | — Gasa

paccmatpuBaemoro CCIT &(r). Tenmeps MokHO 3amucath &1= an — 112 u & = agn + 112, npu stom

BeIpakeHue (2.47) npuHUMaeT BUJ



explic'(a, +1/2)/n}—explic’(a., —1/12)In} _ exp{is /(2n)} —exp{-i&1/(2n)}

= exp{i&a.,/n}.
s i [22lin i [l PlicR 1}
(2.48)
Hcnone3ys Beipaxkenue SN X = ; _ , IipeacraBuM (2.48) B Bune
|
n_ 2sin{ENI(2n)} oo
= exp{ica,, /n}. 2.49
w(&) f'\/272'|/77 xp{iga., /n} (2.49)
B pe3ynbrare aHaaoruYHBIX BEIYUCICHUH 110 hopmyie (2.46), momyanm
N 2SI &ET/(2 .
y(@)= 2 MEVCDR oot i, 13 (250)
E'2xlin
[Moxcrasinss (2.49) u (2.50) B (2.33), OKOHYATETHHO HAXO UM
N _ Sin*{&k,}
= , 251
p(&) Pk, (2.51)
I 3r 3r.
rie k,=—=—"%2 = —corz | (2.52)
’ 2n I & =&

I'eorz — paauyc aBrokoppessinuu ucxoauoro CCIT &(r) = ¢ ¢ paBHOMEPHBIM paclpe/ieIeHHEM BBICOT
HEPOBHOCTEM.

31ech y4TeHo, uTo coriacHo (2.32)

2
g0 _ 17 (2.53)
I’cor2 6rcor2 ’
I 2 _ 2
rze 0'522 :E:%_ mucriepcuss CCIT &(r) = ¢ ¢ paBHOMEPHBIM pacrpeieICHHEM BBICOT

HepoBHOCTeH (2.42).

Takum o6pazom, mis CCIT &(r) = & ¢ paBHOMEPHBIM pacrpe/ieiecHHeM BhICOT HEPOBHOCTEH,
®IIPB p(&’) ero npousBoaHoit &’ aBaseTcs pacnpenenenue Tuma Sin>E’/£7? (2.51) ¢ mapamerpom
maciirada ko (2.52).

3] @I1PB npouseoonou CCII ¢ nannacosvim pacnpeoeienuem blcom HeposHOCmell

ITycts B kaxkaou touke ¢ CCII &(r) = ¢ cnyuaitnas BenuunHa ¢ pacrnpeziesicHa 1Mo 3aKOHY
Jlarutaca

1
2

p(&) = eXp{_|§ - a§3|//u|_}1 (2.54)

rae 1/ y, — mapamerp MacmTada raHHOro mpouecca &(r) = &

a3 — mapaMeTp cBura (MaTeMaTHYECKOe OKHIaHUE).



Cormacuo (2.29), mpeacraBum PIIPB (2.54) B Buae mnpousBeaeHHUS IBYX aMIUTUTY/]

BEPOSATHOCTH
&) =w (& (&), (2.55)
re V()= 5 o0te-ai2u) (2.56)

IToacraBum (2.56) B (2.30) u (2.31)

ne LT L or e
w(é)—@&/zm exp{H¢-a,,

1 % { 1 .
% NV=——— P — —& — —i& . 258
w (&) oy __[O 2 exp{ |§ a§3|/2yL}exp{ iI&'EInyds ( )

12 }exp{iEE I }dE (2.57)

HepenmueM 9TH BBIPAKCHUA B BUIC

! 2 T H !
w(E) = Mﬁ{gexp{—(f—aﬂ)/zm —igeIn}e, (2.59)
2 °F .
p* (&)= [expf—(¢-az)/2u +ig¢Imyds (2.60)
Arp =,
BrInonHum uHTErprpOBaHue
n_ M eXp(agslzluL - ags) 261
T T e e (2.62)
nl2-i&u

IMoacrarss (2.61) u (2.62) B (2.33), Haxoaum

" _ M _ (2.63)
p&) 7T(772/4+Cf,2ﬂf)

HAucnepcus pacnpenenenns Jlannaca (2.54) pasua o7, = 247, 103TOMY, CoracHo (2.32), B

AaHHOM CJIy4ae

2
n= ‘:”L , (2.64)

cor3
rIe reors — pamuyc aBrokoppensuun ucxoguoro CCII &(r) = & ¢ mamnmacoBbIM pacmnpeneneHrneM
BBICOT HEPOBHOCTEH.

[Moncrariss (2.64) B (2.63), momydaum

n_ K
p(f ) - 7Z'(k32 N 5,2) ’ (265)
2p

cor3

rae k, =

— mapameTp Maciirada.



Takum oOpasom, mms samtacoBckoro CCIT &(r) = & ®IIPB p(&”) ero mpomsBogHOi &’
sBisieTcs pacnpenenenne Kommu (2.65) ¢ MaTemaTnyeckuM OkuaHueM (T.€. IapaMeTpoM CIIBUTA)
PaBHBIM HYIIIO.

4] @IIPB npoussoonoii CCII ¢ pacnpedenenuem svicom HeposHocmelti no 3axony Kowu

ITycts B kaxaoin touke ¢ CCII &(r) = ¢ cnyuaitnas BenuunHa ¢ pacupeziesicHa 1Mo 3aKOHY

Komm

= g , 2.66
PO i+ =] (289

IlIe Lk — TTapaMeTp MaciiTtaba qaHHoro mnpouecca &(r); as — mapaMerp caBHra.

Bemmonuss aeiictsus (2.29) — (2.33) obparasie mpeobpazoBanusam (2.57) — (2.63), moayuum
r 1 4
p&") = ——exp{-£/k}. (2.67)
2k,

JInst HaxoKIeHUs TapaMeTpa macintaba Ks otMeTrM, uto aucnepcus pacnpeaenenus Korm,

KaK M3BECTHO, HE OIPEJIeIICHA U CTPEMHUTCS K OCCKOHEUHOCTH, HO BBICOTHI HEPOBHOCTEH PEaTbHBIX

MOBEPXHOCTEH MOTYT OBITh pacrpeielieHbl TOJBKO 10 yceueHHOMY 3akoHy Kormu ¢ agdekTuBHOM

mucnepcueit ox? ~ 25>, TIodToMy B JaHHOM ClTydae cornacHo (2.32) MOJKHO 3amucaTh
2
n~ E’fﬁ, (2.68)

cor4

rae Feorsa — pamuyc aBrokoppensiuu ucxomnoro CCIT &(r) = & ¢ pacnpeneneHHeM BBICOT

HepoBHOcTe# ¢ o 3akoHy Komu (2.66).

B sToM ciyuae nomy4um cieayrolryo OLeHKy apameTpa Maciirada

r
k, ~2u, In~—04 2.69
4 M 117 25/JK ( )

Takum obpasom, miss CCII ¢ pacmpeneneHueM BbicOT HepoBHOCTel &(r) = & mo 3akoHy
Komm (2.66) ®IIPB p(&”) ero mpousBoaHoit &7 sBisercs pacnpenencnuem Jlamnaca (2.67) ¢
napameTpoM MmaciTada (2.69) u mapameTpoM cIBUTA PABHBIM HYIIIO.

5] @IIPB npoussoonoii CCII ¢ pacnpedenenuem 6bicom HEPOBHOCMEN NO MHO2OCIOUHOMY
CUHYCOUOANLHOMY 3AKOHY

PaccmoTpuM paccestHue MHKpOYacTHIl (B YaCTHOCTH, 3JIEKTPOHOB WJIM BBICOKOYACTOTHBIX
¢oroHoB) Ha MoHOKpucTayuie. Ilamaroniye MHUKpOYacTUIBI MOTYT OTPa3HThCA OT PA3TMUYHBIX
aTOMHBIX TUIOCKOCTEH MOHOKpucTayuia (puc. 6 a). JlaHHBINA Ccilydail SKBHBAJICHTECH PACCESIHUIO
MHKPOYACTUI[ Ha MHOTOCIOMHOM OTpakarolleld NOBEPXHOCTH, KAXKIBIM CIOH KOTOPOM MOKET
OBITH 3a/1aH BYMEpHBIM OAHOpPOAHBIM M m30TpormHbIM CCII &(XY), B cpeHeM MOBTOPSIONINM

CTPYKTYPY IUIOCKO aTOMHO# pemieTku (puc. 6 6).



Ecnu B paccessHUM MHKpPOYACTHI YY4aCTBYET TOJIBKO BEPXHHM CIOM KpHUCTaia, TO MOKHO
MPEINOI0KHUTh, YTO B KAXKAOM asuMyTaabHOM cedenue I takoro CCII &(r) = ¢  cayuaiinas
BeIM4rHA ¢ (T.€. BBICOTa HEPOBHOCTU BEPXHETO CJI0s OBEPXHOCTH KpUCTAJLJIa) paclpesesieHa 110

CUHYCONAAJIIbHOMY 3dKOHY

2sin?(z&/1,) .
p(&) = |1” npu & <[00 (2.70)

0 npu & ¢ [O,Il],

rae |1 — TonmuHaa 0JHOTO (MIEPBOTr0) OTPAKAIOIICTO CJI0s MOHOKpHUCTA/LIA (pHC. 6 6).

Puc. 6 a) OtpaxeHne NAAyIONMX MHKPOYACTHI[ OT PA3IMYHBIX ATOMHBIX IUIOCKOCTEH
MOHOKpHCTAIIa; 0) PaccessHue MHUKPOYACTHI[ HA MHOTOCJIOHHOM MOBEPXHOCTH KPUCTAJIA, MPU
9TOM Ka)KJbI CJIIOM pacCMaTpPUBAETCs KaK OTIEIbHAas HEPOBHAs IIOBEPXHOCTb CHHYCOUIAIBHOTO
tuna; 6)Muororop6as cunycounanbHast @IIPB BbicOT HEpOBHOCTEN MHOTOCIOMHON MOBEPXHOCTU
kpuctaina (2.71)

B cnywae, korma B paccessHUM MHUKpoyacTUIl 3((EKTUBHO YYaCTBYIOT HECKOJIBKO
OJIMHAKOBBIX CJIOEB KpucTamiaa (puc. 660), TO cieayeT BOCIHOJIb30BaTbCd MHOTOropooi

cunycouaansHoi ®IIPB BeicOT HepoBHOCTEH (pHC. 66).

2sin > (an,E11,)

| npu & € [O,IZ];
p() = ? (2.71)
0 npu & ¢ [0,|2],
rie N1 — 4YHUCIO OJWHAKOBBIX HEPOBHBIX CJIOEB KpHUCTAIa CHHYCOWJAIBHOTO THIIA,

ykiagsiBatonuxcst B uarepsane [0, 2], 3mecw |2 = nili — rmyOuHa MHOTOCITIONHON MOBEPXHOCTH
kpuctaia 3G GeKTUBHO paccenBaroield MUKPOYACTHIIBI.
Cornacuo (2.29), mpencraum PIIPB (2.71) B Buae mnpousBeneHUS IBYX aMILIUTY/]

BEPOSITHOCTH

&) =w(E)w (&),



e w (&) :\/Izsin( méll). (2.72)
IMoxacraBum (2.72) B (2.30) u (2.31)

v == jf sin( /1) exp{ics /}dg (2.73)

px(&) = J—ffsmmnlfn)exp{ i£¢ g

Berinonuss unterpuposanue [cmotpute [punoxenue 2, (11.2.12) u (I1.2.13)], nonyuum

, l ei(m1+§12/77) _1 e—i(ﬂfh—f"z/’]) _1
w(&)=- [ — , J (2.74)
Varl,\n 1L+ & 1n) " G 1,-&1n)
i(n =&y Im) _ —i(my+&51n) _
()= | ! {e n, t,e 7' 1} (2.75)
Arl,\ (a1, =& ) (an /1, +& 1)

[Moncrasiss (2.74) u (2.75) B (2.33) [cmoTpuTe [Ipunoxkenue 3, (I1.3.12)], Haxoaum

cos’ (7m,) —cos(zm,) cos(&, /i) cos(am, + &N, 1) -1

1
P& =w (& *(&) = , (2.76)
zl, (nn/)z_(gyjz (7, 11, + & 1}
1, n
Jlucriepcus MHOrOropooro CHHycouaibHOro pacupeaencuus (2.71) paHa
IZ(z*n? —6) I'n?(z°n?—6) 1>(z°n?—6
J§4: 2( 21 - )= 1 l( anz )= 1( 12 ) (277)
1271 1271 127
[TosToMy B 3TOM city4ae, coryiacHo (2.32), iMeeM MacIITaOHbIH TapaMeTp
205, 13(z°n?-6
— §41 — (7[ ) ’ (2.78)

67°r

corb

r

corb
Irae lcors — paanuyC aBTOKOPPEIIAIIMHA OJHOTO HEPOBHOI'O CJI0s KpHCTaljla CHHYCOUJAJIbHOTO TUIIA.

®IIPB (2.76) MokeT ObITH IPECTAaBICHA B BUJIC

o) = 1 | cos(an,)[cos(zn,) —cos(&, /)] cos(an, + &1, /1) -1
7l /Y (/Y (a1, + & 1)
(™) -(5%)

C y4eroM TPHUTOHOMETPHUYECKOW (POPMYIIBI COS X —COS Y =2Sin ( y ; jsm ( y ; j w3

(2.79)

BhIpakeHU (2.79) monyunm erie oauH B uckomoii ®I1PB



) 9512/774‘7”11) ; (‘fhlﬂ_ﬂnlj
2
COS(ﬂnl)Sln( 5 sin 2 _costmn + Sl I =15 g

I 7 B

Taxkum o6pazom, mist CCII ¢ mHororop6oii cunycouaanbaori AIIPB BeicoT HepoBHOCTEH

p(E) =2
7zl

(2.71) ®IIPB p(&”) ero mpousBoaHoit & sBusiercs: pacnpenencuue (2.76) [wnm B uHOM BHIE
(2.80)] ¢ macmrrabusiM mapamerpom (2.78).
C nmomomsio hopmanbHoii mpoueaypsl (2.29) — (2.33) moryt 6biTh notyueHsl OIIPB p(&7)
npousBoaHoi &’ st MHOTUX Apyrux CCII ¢ pa3iMn4HBIMU CTAaTUCTHKAMU BBICOT HEPOBHOCTEH .
®IIPB p(&7) (2.40), (2.51), (2.65), (2.67), (2.76) u apyrue MOTryT ObITh HCIOJIB30BAHBI BO

MHOTHX 33a7a4ax CTaTUYEeCKOMU (1)I/I3I/IKI/I.

3 Pe3yabTaTsl
Ha ocHoBaHu# MeTO1a, IPEATIOKEHHOTO pas3jiesie 2, B 3TOM YaCTH CTaThbU MOIy4YeHbI (GPOPMYIIbI 15
pacuera OOBEMHBIX JUAarpaMM ympyroro paccesHusi mukpoudactuil (IYPM) Ha craTucTuvecku

HEPOBHBIX MMOBEPXHOCTAX MPH BBHIIOJHEHNUN YCIOBUH KUPXTO(POBCKOTO MPHOIMIKEHHS.

3.1 O0bemHbBIe THATPAMMBI YIIPYTOT0 paccesiHus MUKPOYACTHII HA CTATHCTHYECKH
HEPOBHBIX MOBEPXHOCTSIX
1] Obvemnan ouacpamma ynpyeozo paccesamus MUKpouacmuy Ha OMpaxcaioueti No8epXHOCMu ¢
2aycco8vbiM pacnpeoesieHuem 8biCom HepoBHOCmell
B kauecTBe mprMepa paccMOTpUM mpolenypy nomydenus oobemuoir JVPM D(v,w/%y) (2.27)
JUISL CiTydasi, KOT/Ia OJHOPOJHBIC M M30TPOIMHbIE HEPOBHOCTU &(X,Y) OTpakaromieil MOBEpXHOCTH
(puc. 3) B KaXI0# TOUKE C KOPIUTAMH X,y pacrpeielieHs 1o 3akoHy ['aycca (2.34).

B atom ciyuae ®IIPB p(&”) npou3BogHOM JaHHOTO CTAIMOHAPHOTO CIIYYaiHOTO Mpolecca
TaKXKe BIseTCs rayccoBoii (2.40)

1

T

pE) = exp(-&7/202), (3.1)

N
NN

rne 0= oz ITcort.

B cooTBeTcTBUU C anropuTMOM, ONMHMCAaHHBIM B KoHIE § 2.5, BMecto &£’ B (3.1) moacraBum

a’+b?
g7 B pe3yJIbTaTE TOIYIHM
2 2 2 2
P a+b _ 1 exp| — a -2|-b2 . (32)
\} d 2 ,mgzl 2d°o :




IMoxcrasnsas (3.2) B (2.27), moay4ynm sBHBIA Bua uckombiii JIYPM B ciydae rayccoBoro

pacnpeziesieHus: BBICOT HEPOBHOCTEN OTpa)Karolllel MOBEPXHOCTU

2 2 "R _ A’ h ’ ' ,
D(V,a)/lg,]/)z;exp _a +b \|d(avbw awbv)"'cv(baw abw)|

87r30'§2, 2d 20'52' J‘ d?+va? +Db? "

e O, = oul Ifeor1, BemuumHubl @, b, d, av; by’ €} @w’ Do’ 3amansl Beipakenusimu (2.11).

(3.3)

[Ipu BBIMOJIHEHUHM YCIOBHH, YKa3aHHBIX B KoHIe §2.5, Beipakenue (3.3), sBisercs
dbopmyioit s pacuera o0bemHol JIYPM Ha kpynHomaciiTabHOM (110 CpaBHEHUIO C pa3Mepamu
MUKPOYACTHUI[) HEPOBHOM OTPAXKAIOIIEH MMOBEPXHOCTH C TayCCOBBIM DPACHpPEICICHHEM BBICOT
HepoBHOCTEH &(X,Y).

JluarpaMmbl paccesiHus, BbIUHCICHHBIE MO (Gopmyse (3.3) mpu pasiuYHbIX 3HAYCHHSIX

napamMeTpoB 9, y, o¢1 U [eorl, TOKa3aHbl Ha puc. 7 (cMotpute [Ipunoxenue 4).

B) mpu: § = 60°, y= 0% 6:1=5, reon=>5 r) npu: 4 = 230 y= 0% o:1=17, reon=>5

Puc. 7 O6bvemubie JIYPM Ha 0JHOPOAHON M M30TPOIHOM HEPOBHOM MOBEPXHOCTU C IayCCOBBIM
pacmpeiesieHueM BBICOT HepOBHOCTeH. Pacuersl BemosiHEeHB! 110 opmysie (3.3) mpu pa3IMuHbBIX
3HAUeHMAX MHapameTpoB &, y, oa U leort. 37ech n janee JYPM paccunTaHbl ¢ IOMOILBIO
nporpamMmmuoro obecriedenust MathCad



2] Obwemnas JJVYPM na ompadicaioweii noBEpXHOCMU C PABHOMEPHBIM PACHPEOCICHUEM BbICOM
HeposHocmel

[TycTh OXHOpPOJHBIC M W3OTPOIHBIC HEPOBHOCTH &(X,Y) OTpakarolleil MOBEPXHOCTH, B KaXKIOH
TOYKE C KOpJHMTAMH X,y pachpeieieHbl 10 paBHOMEpHOMY 3akoHy (2.42). B stom ciyuae,
ucnonszyem ®PIIPB p(&”) (2.51). Bemonuss aeiictBust ananoruunsie (3.1) — (3.3), momyunm

dbopmyiry nnst pacyera 00beMHbIX J[YPM Ha naHHON OBEPXHOCTH

2 2 AW AN ’ ’ ’
D(v, 0/ 8,7)=> 12k sin?| k, |2 dtb d(ab;, - a(wbv)+ C;;baw - abw)‘, (3.4)
77K a’+b?)?
roe k, = 3r°|°r2 = ;rc_”g — mapameTp MaciTada.
2 1

Pe3ynbTathl pacuetoB 1o popmysie (3.4) mpu pa3audHbIX 3HAYCHUAX &, 7, | U lcor2, TTOKA3aHBI

Ha puc. 8 (cmorpurte IIpunoxkenue 5).

a) pu: 3= 650, Y= OO, |= 3, Fcor2= 5 6) npu: 9= 430, Y= Oo, I= 3, Icor2= 5

B) mpu: $=60°, y=0° 1=5, ren=5 r)opu: $=23% y=0° =17, reoe=5

Puc. 8 OOvemubie JIYPM Ha OJHOPOMHOW ¥ HW3OTPOIHOW OTPaKAIOIIEH ITOBEPXHOCTH C
PaBHOMEPHBIM paclpe/ielIieHHEM BBICOT HEpOBHOCTEH. PacueTsl BeimomHeHs! 10 popmyie (3.4)



3] O6vemnas IV PM na ompadsicaiouieti nogepxHocmu ¢ 1aniaco8bimM pacnpeoeieHuem 6blcon
HeposHocmel

[Tycth OgHOpOIHBIE W HM3OTPOMHBIE HEPOBHOCTU OTPAXKAIOMICH IMOBEPXHOCTH, B KAXKIOM €€
a3uMyTaJIbHOM CeYeHHHU I, puc. 5, pacmpenenensl mo 3akony Jlammaca (2.54). B stom cirydae
ucnonszyem ®PIIPB p(&”) (2.65). Bemonuss naeiictBust ananoruunsie (3.1) — (3.3), momyunm
dbopmyny nist pacdera 00beMHbIX JIYPM Ha n1aHHOM MOBEPXHOCTH

K, |d(azby, —aub;)+c.(ba, —ab. )|
2ﬂ2(k§d2+a2+b2)‘ Ja? +b?

D(v,w/9,7)= , (3.5)

24

cor3

rae k, = — mapamMeTp Macmiraoa.

Pesynbpratel pacuetoB 1o ¢opmysie (3.5) mpu pasnmudHBIX 3HAYCHUSX ¢, Y, L U [cors,

nokasansl Ha puc. 9 (cmotpure [Ipunoxenue 6).

a)mpu: $=65% p=0° s =3, res=5 6) mpu: 9=43% y=0° 1 =3, res=5

B) mpu: $=60°, y=0° 24 =5, res=5 r)opu: $=23% y=0° 4 =17, reos=5

Puc. 9 O6nremubie JIYPM Ha 0JHOPOAHOI M M30TPOITHON HEPOBHOW MOBEPXHOCTH C JIATIACOBBIM
pacnpezielieHueM BBICOT HepoBHOCTEH. PacueTs! BhIMoHEeHHI 110 hopmyie (3.5).



4] Obwemnvie JIVPM na ompadsicaioujeli no8epxHOCmu ¢ pacnpeoeieHuem 6blCon HePOBHOCMEN O
3akony Kowu

[lycTts oaHOpOAHBIE W HU3OTPOINHBIE HEPOBHOCTH OTpa)arolled MOBEPXHOCTH, B KaXIOM €€
a3UMyTaJbHOM CCUCHHH I, pUC. 3, pacrpeaesieHbl Mo yceueHHoMy 3akoHy Komm (2.66). B atom
cinyuae ucnonsdyem OIIPB p(&” ) (2.67). Bemmonuss aeiictus aHamorumunsie (3.1) — (3.3),

noyuuM Ghopmyity ajist pacuera 0o0beMHbIX J[YPM Ha maHHON MOBEPXHOCTH

1 a? +b? \|d(a’b’ —a/ b )+c.(ba, —ab.)|
D , /19’ — _ v o o v v 1) @ , 36
aton=izon|- TR [P 9

I
rae k, ~ —°- — napamerp Macmrada.
Hy

PesynbraTel pacueroB mo ¢opmyne (3.6) mpu pasnIuUHBIX 3HAYCHHAX &, ), ux U Fcors,

nokaszanbl Ha puc. 10 (cmotpute IIpunoxkenue 7).

B)mpu: $=16°% y=0° k=12, renu=38 r)opu: $=87% y=0° k=5, reu=6

Puc. 10 Oo6wvemubie [IYPM Ha OAHOPOJHOW U M3OTPOMHON HEPOBHOW MOBEPXHOCTU C
pacnpeieIeHHeM BBICOT HEPOBHOCTEW MO ycedyeHHOMY 3akoHy Komn. Pacuersl BBINOJTHEHBI O

dopmye (3.6)

AHanu3 guarpaMMm paccesiHusl, nmokasaHHbIX Ha puc. 7 — 10, a takxke npyrux HAYPM,

paccunTanHbIX 10 popmynam (3.3) — (3.6), mokasbIBaeT, YTO yIPYroe paccestHie MUKPOYaCTHI Ha



OJTHOM BEpPXHEM CJIO€ CTaTHCTUYECKHM HEPOBHOW OTpa)karoliei MOBEPXHOCTU CIa00 3aBUCUT OT
CTAaTUCTUKHU BBICOT €€ HEepoBHOCTEW. OJHOCIONHBIE MOBEPXHOCTH C PACIPEICICHHEM BBICOT
HEPOBHOCTEN MO 3aKOHY l'aycca, paBHOMEpHOMY 3aKOHY, 3akoHy Jlammaca u 3akony Komm,
MPAKTUYECKH OJJMHAKOBO pacceuBalOT MUKpodacTullbl. Hekoropsie otnuunst [IYPM, nokazaHHbIX

Ha puc. 7 — 10, HaOMOMAOTCSA MPU MAJBIX YIJlaX CKOJIBKECHHS MaJalolluX MHKPOYacTHIl ¢ U

OO0JIBIINX 3HAYEHUSIX OTHOIIECHUS Oml/Tcor m.

3.2 O6beMHasi IMarpaMma ynpyroro paccesitHusi MUKpO4acTHIl HA MHOTOCJI0HOM
NMOBEPXHOCTH KPUCTALJIA ¢ MHOTOTOPOBLIM CHHYCOMIAJbHBIM pacinpeaejeHueM BbICOT
HEPOBHOCTEI

PaccmoTpuMm paccessHue MUKpOYacTHI] HA N1-CIIOWHOW NMOBEPXHOCTH KpHUCTAJIa, KaXIbI CIOU

KOTOPOH SIBJIIETCS OJHOPOJHOM W HM30TPOIHOM JBYXMEPHOH MOBEpXHOCThIO &(X,Y) ¢
HEPOBHOCTSIMH CHHYCOHJAJILHOTO THMa (puc. 66). B 3TOM cityyae BOCHOIb3yeMCsi MHOTOTOpObIM
CHHYCOMJAJIbHBIM paclpesielieHueM BricoT HepoBHocTer &(r) = & (2.71), mpu atom OIIPB p(&7)

ero MPOM3BOIHOM sBIIsIETCs BhIpaxeHue (2.76) ¢ MmacmTabHbIM apamerpom 7 (2.78)

cos® (an,) — cos(zn,) cos(EN, 1 77) _cos(an, +&1,/m) -1

1
p(&) = : (3.7)
7l, /Y (/Y (7, 11, + &' I
(™) -(7)
i Ta ke GyHkims B uze (2.80)
1 2cos(7znl)sm(§ 2+ 5 jsin(ilz—ﬂgl] L 1
p(&) = U _costm el /m =Ll g g

7, (/) (/) (any 11, +&' 1)

s nonmyuenust oobeMHoi IYPM Ha MHOrOCIOHHON MOBEPXHOCTH KPUCTAJIA UCIOIb3YEeM

METOIuKY, mpuBeaeHHyo B 82.5 [anmamormuno (3.1) — (3.3)]. 3amenum B (3.7) [wmm B (3.8)]

b2
HpOI/I3BOI[Hy1'O 6’ Ha BCHH“II/IHy , 1 IOACTaBHUM HOJIyI-II/IBHleeCH BBIpa)KeHI/Ie B (2 27) B

pe3ynbTare noayuum dopmyiy s pacuera JIYPM Ha MHOTOCITIOIHON TOBEPXHOCTH KPHCTAILIA

2 2 2
cosz(ﬂnl)—cos(ﬂnl)cos[w/eﬂ)IZ/nJ COS(ﬂﬂl+ a d+2b I /nj
1
272 2 - 2
Ay T-U"" Fun] (e
2 d 1, d?

|d(aib, —agby)+c; (bay, —aby )
| d2V/a? +b2 I’

D(v,0!9,y)=




(3.9)

WIN Ty e (HopMyIy B APYTOM BHUJIE

2 2 2 2 2 2
2cos(zn, ) sin 1/3 +2b LIy PR +2b LINELLY Qe m, + glzln -1
1 = 2n 2 dac 2n 2 d

Plrotor) 2, m ([, ) _ n arbl ) )
(%j _[ e '2/'7] [%W 02 /"}
|d(ab, —ar))+c; (bay, —aby)

d’va’® +b?

(3.10)
rie cornacuo (2.11)
a = CoSv COSw + c0sY cosy; b = cosvsinw + cosd siny; d =sinv +sind; a,’=—sinv Cosw;
by’=—sinvsinw; C,’=CoSv; a»’=—CosvSsinw; by’ = CoSv CoSw ;
coryacto (2.78) n= Wzﬂ, (3.11)
67°r,,,.
3/1€Ch
|1 — ToNIIMHA OTHOTO OTPaXKAIOIIEro CJIos (T.€. FOPU30HTAIBHON aTOMHOM INIOCKOCTH) KPUCTAJLIa
(puc. 660);
I2 = l1n1— ryOuHA MHOTOCIIOMHOM MOBEPXHOCTH MOHOKpHUCTaIA, 3p()EeKTHBHO ydacTByomIas B
YIIPYyrOM PacCeMBaHUM MUKPOYACTHUII(BI);
N1 — YMCIO HEPOBHBIX CJIOEB MOHOKpHUCTaJIa (CHHYCOMJAIBHOIO THIA), YKJIAJbIBAIOLIUXCA B
untepsaie [0, I2];
lcors — pailyC aBTOKOPPEJSALUU OJHOTO HEPOBHOIO CJIOS KPUCTAJUIA CHHYCOMJAIBHOTO THIIA.
JlaHHBI paguyc aBTOKOPPENSILIMM INPUMEPHO PAaBEH YCPEOHEHHOMY paAuyCy KpHUBHU3HBI
CHHYCOM/IaJIbHBIX HEPOBHOCTEHN OJTHOTO CJIOSI KPUCTAILNIA,
§, y — yruibl, 3a1aro1ue HarpaBIeHUE IBUKEHUSI MUKPOYACTHUII, IaIal0IUX Ha TOBEPXHOCTh
kpucramia (puc. 2, 3, 5);
V, @ — YIJIbl, 3a/Ial0lMEe HANPaBICHUE ABM)KEHUS MHUKPOUYACTHI, OTPAKEHHBIX OT INOBEPXHOCTH
KpHUCTaJia B CTOPOHY JeTekTopa (puc. 2, 3, 5).

Beipakenus (3.9) u (3.10) sro omHa u Ta ke ¢dopmyna aias pacdera JIYPM Ha
MHOTOCIIOIHON moBepxHOcTH Kpuctamia (JAYPM na MIIK), Tonpko 3amucaHHass B pa3HBIX
TpuroHomerpuyeckux Qopmax. @opmyny (3.9) Oyaem HasbiBaTh KocuHyc-Bepcueil [[YPM Ha
MIIK, a popmyiny (3.10) — cunyc-Bepcueii JJYPM na MIIK.

JYPM, Berancnenssie mo Gopmyie (3.9) npu pa3muvHbIX 3HAYCHUSX IIATH TTApaMeTPoB 4, 7,

l1, N1 ¥ Ieors, MoKa3anbl Ha puc. 11 (cmotpute [punoxenue 8).



a)opu: 9=45% yp=0° n;=64, 0) mpu: $=45°% y=0° n;=65,
I]_ :10_110M, I'cor5= 6 '10_9CM |1 :10_110M, Icors5= 6 '10_QCM

B) mpu: $=45°% y=0° n;=126, r) mpu: & =45° y=0° n;=127,
Il :10_1lCM, rcorS: 6 '10_9CM I]_ :lO_lch, rc0r5: 6 '10_90M

n) mpu: 9 =45% y=0° n;=46, e)npu: $=45° y=0° n;=47,
Il :10_110M, I'cors= 1,4'10_QCM |1 :10_110M, Icor5= 1,4 '10_9CM

1 1 T 1
. 5 a

x) mpu: $=45% =00 ny=24, 3) mpu: $=45°% y=0° n;=23,
l: =10 M, reos= 4-10°%cm I =10 eM, reos= 4-10%cMm

Puc. 11 OObeMHBIE OMArpaMMbl yHOPYroro PaccesHHs MHKPOYACTUI HA MHOTOCIOMHOM
MOBEPXHOCTH KpMCTalla, paccuuTaHHblie mo Qopmyne (3.9) mpu pasiuyHBIX 3HAYEHHAX
mapameTpoB 9, |1, N1 u reors



Ecnm xaxaplii ciioit KpucTaiia uMeeT OJJMHAKOBYIO aHM30TPOIHIO, HanmpuMep, tuma (2.23),

TO ¢ yuetoM (2.24) u (2.28) monyuum cienyroiryto Gopmyity s pacueta 00beMubix JIYPM mis

2 2 2
COSZ(ﬂnl)—COS(ﬂnl)COS[W/a +2b IZIUJ COS[?ZI’] +1/a +’ 1,/ J 1
2 [ b? d
D(v,w/&,y)zﬂzl (a2+b2J _
2 an, 2 a +b2| / ﬂn a +b2
L)~ 211 A

|d(a b, —a'p’)+c(ba’ —ab )|

"V

d?a? +b?

AAHHOTO ClIy4as

(3.12)

Pesynbrathl pacuetoB mo ¢popmysie (3.12) mokaszansl Ha puc. 11a (ITpunoxenue 9).

a) 0)
Puc.11a O6bemuble JJYPM Ha MHOrocioiHOW HEM30TPOMHOIN MOBEPXHOCTH KpUCTallia,
PACCHHTAHHBIC 110 dopmyie (3.12) mpur 3 = 45°%, y = 0% a)n1 =48 u 6) n1=47, I, =10 lcem
lcors= 4. 10 CM
Ecnu kaxaplii crmoil KpucTajula MMEeT OJMHAKOBYIO aHM3oTponuio Ttuma (2.23a), To ¢

yuetoM (2.24a) u (2.28a) aHAIOrMYHO MOJYYUM CIIEAYIOUIYyI0 (Gopmyny sl pacdeTa 00bEMHBIX

JAYPM piist aToro ciydas

2 2 2 2
- COSz(ﬂﬂl)—COS(ﬂnl)COS[ a d+2b IZ/UJ COS(ﬂﬂl—}— }ad+2b|2/77J—1
4 ab
D(v,w!/4,y)= _
b0l87) ﬂZIZL(a2+b2)2j s ([eap. ) i
(mll j SRR, ””/h/ In
2 d 1, d?

[d(arb;, —ayby )+ (bay, —ab, )|
X
| d’va? +b’

(3.12a)

PesynbraTsl pacuetoB mo popmyie (3.12a) mokasausr Ha puc. 116 (ITpunoxkenue 10).



Puc.116 O6bemubie JIYPM Ha MHOTOCIONHOW HEM3OTPOITHON MOBEPXHOCTH KPHUCTAILIA,
paccunTtanHsle o Gopmyite (3.12a) npu 3 = 45°%, y = 0% a)yn1=42 u 6) n1= 37, l1 =10 tcm,
Fcors= 4. 10_9CM

[Ipoananu3upyeM oOBEMHBIC AUArpaMMbl YIIPYTrOTO PACCESTHUS MUKPOUYACTHI], IOKA3aHHBIS
Ha puc. 11, 11a u 116.

1] Coenacosanue ¢ sxcnepumenmamu

ConocTaBneHUI0 pacueToB IO MPEACTAaBIEHHBIM B JTOH cTaThe (opMyliaM ¢
AKCIIEPUMEHTAIILHBIMH JAHHBIMU HEOOXOJUMO IOCBATUTH OTACIbHOE uccienoBanue. Ho, yxe Ha
JAHHOM JTare MOKHO OTMETHTh, 9T0 oObeMHBIe JIYPM, paccunrannsie mo dpopmyiie (3.9) (puc.
11), COOTBETCTBYIOT pe3yJibTaTaM JKCIEPUMEHTOB MO JU(MPAKIUK YaCTHI[ ¥ BBICOKOYACTOTHBIX

ANEKTPOMArHUTHBIX BOJIH Ha Kpucrtamie (puc. 12, 12 a).

a) 0)

Puc. 12 a) Dnexrponorpamma crutaBa TisoNizsCuzs (http://dream-journal.org/issues/2018-6/2018-
6_233.html); 6) dudpakiuu 35mekTpoHOB Ha 30J0Te. TOJIIMHA 30JI0TOM IJIACTUHBI COCTABIISIA
okono 250A = 2,5-10%cm. Pa3mepsl aToma 3010Ta mpumepHo paHbI 0,28-HM = 2,8-10~%cwm.
Takum oOpa3oMm, B 3070TOH miuacTuHe ObuUT0 mpubIU3uTenbHo 100 cioeB (T.e. aTOMHBIX
wiockocteil); 0) MiutrocTpanusi peHTreHOrpaMMbl, MOJIY4YeHHON Npu Audpakuuu (GOTOHOB Ha
kpuctaie. @ororpaduu U PUCYHOK B3STHI U3 UCTOYHUKOB, HAXOSIIMXCS B CBOOOTHOM JOCTYIE
B MHTEpHETE.



B)

Puc. 12a a) Dnexkrponorpamma stanona NaCl; 6) DaekTpoHorpaMma moIHMKpUCTAILIA
rekcaronanbpHoro ruapuna nukens NiHz http://ignorik.ru/docs/lekciya-13-eksperimentalenie-
metodi-kristallofiziki.html; ¢) Indpaxius snekrponos Ha amomuauu Al.
https://www.researchgate.net/publication/295974108 Electron_Diffraction
®otorpaduu B3SITH U3 HICTOYHUKOB, HAXOSMIIMXCS B CBOOOIHOM nocTyrie B lHTepHeTe.

®opmyna (3.9) uMeeT oulyTHUMOE MPEUMYLIECTBO B TOM, YTO OHA IMO3BOJISIET MPOU3BECTH
Oolee TOHKMI aHAIM3 TpoOIecca pacCcesHUS MHUKPOUYACTHIl HAa KPHCTAIe, YeM METO/bI,
OCHOBaHHBIC Ha HJICE O CyIIeCTBOBaHMH BOJH je bpoiins. [Togdopkoit mapamerpos 3, 11, N1 ¥ reors
MOKHO JIOOMTBCA CXOJCTBA C HKCIEPHUMEHTAIbHO IMOJYYEHHBIMH 3JIEKTPOHHOTPAMMAMH HWIIU
pEeHTreHorpaMMaMH, MpPH OSTOM pacKpbiBaeTcs Oojee neTaibHas WH(GOpMalUsg O CTPOCHUU
KpUCTaJula WIA JPYTroi MHOTOCIOMHOM OTpaXkaroleil HOBEPXHOCTH.

2] Iloocmporixa macuwmabHo20 napamempa n

Macutabubiii mapamerp (2.78)

— I (7*n; — 6)
67[ 2I’.cor5

noinyyeH npu nepexone or PIIPB Beicor HepoBHocTeN ciywainHoro mpouecca k @IIPB ero
MIPOU3BOIHON TPU Y4YeTe M3MEHEHUS! TOJBKO BTOPOTO IIEHTPATHHOTO MOMEHTA (T.€. IHUCIEPCHUU)
[34, 35]. Bonee BhicokHe eHTpaIbHbIe MOMEHTHI B [34, 35] ObUiM OCTaBiIeHBI O€3 BHUMAHHMS, T.K.
WX BJIMSIHHE BO MHOTHX CIIy4asX HE3HaYUTeNbHO. YTOOBI KOMIIEHCUPOBATh TaHHBIM HEOCTATOK, a
TaK)Xe€ y4ecThb Jpyrue 0COOEHHOCTH KPUCTAJUIMUECKOM PEeIIeTKH MacITaOHbII mapaMeTp # MOXKET
OBITH IOJCTPOEH» MO Pe3yJbTAaThl AKCIIEPUMEHTOB. Hampumep, B HEM MOTYT OBITh H3MEHEHBI

3HAYCHUA YHCIIOBBIX KOHCTAHT HMJIM BBCIACHBI (I)YHKI_II/IOHaJIBHBIe 3aBUCUMOCTH OT IIapaMETpOB |1,

N1 1 Icors.
2¢. 242 20, 2.2 2 202 _
G R W1 S C i )
127 leors 167 lors 127 Fors
2r. 2 2 _ 2 2442 _
n = I "[7° cos®(an, /N, )—8] w7 = In(1;")[7°tg"(an, /N, ) —13] S

2 2
4rr T7r,s

cors


http://ignorik.ru/docs/lekciya-13-eksperimentalenie-metodi-kristallofiziki.html
http://ignorik.ru/docs/lekciya-13-eksperimentalenie-metodi-kristallofiziki.html
https://www.researchgate.net/publication/295974108_Electron_Diffraction

Bo3MoxHO Takas «IOACTpOiiKa» # mpUBEneT K OONbIIEMy CXOACTBY pe3yJbTaToOB
BbIUUCIeHN 1o ¢opmyne (3.9) ¢ pealbHBIMH 3JETPOHOTPAMMAMH WM PEHTTEHOIPAMMAaMHU.
Bmecte ¢ Tem, «moacTpoiika» MaciiTaOHOrO MapaMeTpa MOXET I03BOJIUTh OICHUTh
JONOJIHUTEIbHBIE OCOOEHHOCTH CTPYKTYPbI /UM Je(PEKTOB KPUCTAIIIMUECKON PELIETKH.

[lpu «moxacTpoiike» 1 HEOOXOOMMO, OJHAKO, MCXOIUTh W3 TOro, 4ro ypaBHeHue (3.9)

AOJIDKHO YAOBJICTBOPATH YCJIIOBHUIO

2
pv,0!19,7)dvde=1, (3.14)

0

O v [N

rjae yroi v mensiercs ot 0 1o /2, yrosn w mensiercs ot 0 1o 2.

bosiee KOppeKkTHBIN NMyTh peleHHs JaHHOW MPOOJEeMBbl CBA3AaH C JAIbHEHIINM JETalbHBIM
UCCJIEIOBAaHUEM 3aBHCHMOCTH MAacCIITa0HOro mapaMeTpa # OT LeHTpalbHbIX MoMeHToB CCII
Oosee BBICOKOTO TOpsaka. Takke cJleIyeT YYHUTHIBaTh BO3MOXXHOCTh — aHU3OTPOITUH
KPUCTATMYECKON PEIISTKH, HApuMep, ¢ MOMOIIBI HCIOIb30BaHUs ypaBHeHuil tuma (3.12).
Kpome Toro, Hamomuum, uto ¢Qopmyna (2.5) sBusercs Oosiee TOYHBIM BBIPAKCHHEM IS
onpeneneHus YPM Ha HEPOBHBIX IOBEPXHOCTSIX.

3] Yemnoe u neuemmnoe uucio croes kpucmania

W3 nuarpamm, mokazaHHbIX Ha puc. 11, BHJIHO, YTO €ClIM B OTPaKEHUU MMKPOUYACTHIL
3(p(GEKTUBHO y4YacCTBYeT 4YETHOE KOJIMYECTBO CJIOEB N1, TO B CaMOM LEHTpPE JAUarpamMmbl
Ha0II0aeTCsl MUHUMYM (TIPOBaJT); a €CIU YUCJIO OTPAKAIOIIMX CIIOEB HEYETHOE, TO B CaMOM
LEHTpe auarpamMmbl HaOmogaercs MakcuMmyM (muk), Tor xe 3ddext oOHapyx uBaeTcs B

sKcIepuMenTax (puc. 13).

a) 0)

Puc. 13 a) B psizne skcriepiMeHTOB 10 TU(PaKIMA MUKPOYACTHIL B IICHTPE 3JIEKTPOHOTPAMMBI MK
pEeHTreHOrpaMMbl HaOII01aeTcsl TEMHOE MATHO. 6) B psne Apyrux momoOHBIX SKCIEPUMEHTOB B
LEHTPE AJIEKTPOHOIPaMMbI WJIM PEHTIe€HOIpaMMbl HaOroAaeTcs cBemioe mnsaTHo. Pororpaduu
B3SIThI U3 HCTOYHHMKOB, HAXO/SAIIUXCA B CBOOOTHOM jocTyne B IHTepHeTe.



Heo6xoaumo, oHaKO, OTMETHUTB, YTO MPpHU N1 = 4 (T. €. IPU YETHOM YHCJIE CJIOCB) B IICHTPE

JAMarpaMMbl HaOJIIOaeTCsl HE MUHUMYM, a MakcuMyM (muK) (puc. 20).

4] Cropocmub naoarougux Mukpouacmuy N u 4Ucio Ompancaowux cioes Ny

Crnenyer oXuaaTh, YTO YHCIO CJIOEB N1, Ha KOTOPHIE INPOHUKAIOT MHUKPOYACTHIIHI,
[aIafolIie Ha MOBEPXHOCTh KPHCTAJlIa, B OCHOBHOM 3aBUCHUT OT X 3Hepruu E [r.e. n1 = f (E)].
Tounee ans nmanarommx (GEepMUOHOB (B YACTHOCTH, HJIEKTPOHOB) TITyOMHA MOTPYKEHHUS B TOJIIILY
OTpaKaloIIeH MOBEPXHOCTH (T.€. YHCIIO CIOEB N1) B OCHOBHOM 3aBHCUT OT UX CKOPOCTHU (TOYHEe

UMITYJIbCA UJIM KUHETUYECKOM IHEeprun), a Ijs nagaronux 0030HOB (B YaCTHOCTH, (POTOHOB) — OT

HX 4acToThl. B Oostee O6IJ.[CM cJiyda€ MOXHO HaWTH 3aBUCUMOCTD

np=f (E, |1, Icors, &, j/), (315)

B Beipaskenuu (3.15) MOryT OBITH Tak ke y4TeHbI 3)(EKTh 3aTCHEHHSI YaCcTH YIITyOJICHHBIX
YYaCTKOB OTPaKaIoIIel TOBEPXHOCTH TPU MAJIBbIX yIiIaX CKOJIbKEHUS J U T.JI.

VYcraHosinenue  GyHKIMOHaNbHOW — 3aBucumoctd  (3.15) mo3BoauT Gosiee  TOYHO
COTJIACOBBIBATh PE3yJIbTaThl BhIYHMCICHUN 1O (hopmyiie (3.9) ¢ 3KCIEpUMEHTAIBHBIMH JIaHHBIMU
Mo JUQpPaKIUd MHKPOUYACTHIl HAa MEPHOJAMYECKHX CTPYKTypax THIA KPUCTAJUIOB U TOIYYHUTh
JOTIOJTHUTEIbHYI0 HH(POPMAIIMIO O CTPOCHUH OTPAXKAIOIICH TTOBEPXHOCTH.

B wactaocTH, paccmorpum JJYPM (3.9) xak QyHKIHMIO OT Ymca CIOEB N1 OTpaskaromieit
MOBEPXHOCTH MOHOKpucTaiuia D(Ny) mpu mectn pukcupoBanHbIX napamerpax &, y, v, @, l1, reors .
PesynbraTel pacuetoB o ¢opmyie (3.9) D(n1) B aTom citydae mokasaHbel Ha puc. 14a (cmorpute
[Mpunoxenne 11). C y4eroM TOro, YTO YHCIO CJIOCB KpPUCTAJUIA, Ha KOTOPHIC MPOHUKAIOT
najarolie MHUKPOYACTHIIBI, 3aBUCHT OT WX ckopoctd N1 = f (V), »tm pacuersr Xxopoiio

cornacyrrcss ¢ pesynbratamu skcnepumenta K. [Iasuccona u JI. JIxepmepa (1927 r.) mo
aupakIuy IEKTPOHOB Ha KpucTtaiuie Hukenst [1] (puc. 146).

w107

D(n1) |/

LN A 3,06

N1 1 1 |
= m s m S 0 5 10 15 20 25 U

- 1x10°

a) 0)

Puc. 14 a) 3aBucumocts JAYPM (3.9) oT umcna cinoeB N1 oTpakarouieli MOBEPXHOCTH MOHOKPHCTaJIa, KOTOPOE, B
CBOIO OYepe/lb, 3aBUCUT OT CKOPOCTH V (TOuHee, 3Hepruu E) MuKpodacTHIl. majarolux Ha 3Ty HoBepXHOCTH (3.15).
Pacuersl BeimosHeHs! 110 popmyiie (3.9) D(N1) kak GpyHKIKH OT YKciaa N1, KOTOPOE U3MEHSIETCS B quana3oHe ot 40 110
50 cioeB, pH ClIeAyIOIHX NOCTOAHHLIX napamerpax 3 = 45% y =00 v=45° ¢ =00 I3 =10cM, reos= 9-10%cm;
6) VIHTEeHCUBHOCTH Iy4Ka 3JEKTPOHOB |, paccessHHOTO Ha MOHOKPHCTAJUIE HUKENS MPH ITOCTOSTHHOM 3HA4YECHHS yTia
OTpaKEHMsI, B 3aBHCHMOCTH OT KOPHS KBaJpaTHOTO W3 HampspkeHHs U, yCKOPSIONIET0 YacTHIBI B 3JIEKTPOHHOU

mymke (TeHeparope 3JIeKTpOHOB). /laHHas sKCHepHMEHTaNbHas 3aBUCHMOCTH BIIEpBBIE ObUla momydeHa B 1927 r.
Knuaronom Jlprucconom u Jlectepom Jlxepmepom [1]


https://ru.wikipedia.org/wiki/%D0%94%D0%B6%D0%B5%D1%80%D0%BC%D0%B5%D1%80,_%D0%9B%D0%B5%D1%81%D1%82%D0%B5%D1%80

®opmyna (3.9) D(n1) mo3BosisleT BBIMOJHUTH PAacyeThl B 3HAYUTEIBHO OOJI€e IIMHPOKOM
nuana3oHe 3HadeHuil N1 (puc. 15). [Ipu atom u3 puc. 15a BugHO, uro B Auanasone N1 ot 0 go 40
cimoeB D(N1) Moxer mpuHUMAaTh OTpUIAaTeNbHbIC 3HaueHHs. [lockonbky Qopmyrna (3.9) D(ni)

sBisieTcss @IIPB, To Ha mepBbIid B3I ATO BRITJISAUT Kak a0CypIHBIN pe3yJIbTar.
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Puc. 15 Pesynbratel pacuetoB mo ¢opmysie (3.9) D(n1) kak (yHKIMM OT 4Yucia cioeB Ny,
u3Mensttorerocss B auamasone ot a) 0 go 100 crmoes; 6) 40 go 100 ciioeB, MpH CIEAYIOIIMX
nocTosHHBIX mapamerpax 9 = 45°, y =00 v =45 © =0° Iy =10 cm, reos= 9-10~%cm.
PacueThl BBIOIHEHBI € TOMOIIBIO TPpOrpaMMHoro obecrnieuenus MathCad



OtpunaTenbHble 3HAYCHUS MpPU BbIUHCICHUAX 10 (Gopmyne (3.9) MOXKHO «yCTPaHUTHY
NIPENoNoKEHHEM, 4To B paccMarpuBaeMoM ciydae (T.e. mpu l1 =10"cem u reos= 9-10%cm)
rITy6HHA OTPAKAIOIIETO CIIOS He MOKET ObITh MeHee |2 = I1 N1 = 40 - 10711 = 4.10-%m.

B npyrom ciyuae, xorna |1 = 107 tem u reors = 2:10eMm — cooTBeTcTBYET pazmepy aToma,
3(PHEKTUBHO OTPAXKAIOMIETO DIICKTPOHBI MM BBICOKOYACTOTHBIE ()OTOHBI, pacdyeT 1o (opmyie
(3.9) D(n1) mpuBOAMT K pe3yJibTaTy, MOKa3aHHOMY Ha puc. 16. B 3Tom cityyae 3amper neicTByeT
TOJILKO Ha |2 B 3 — 4 TIepBBIX CJIOS.

C npyroii cTOpOHBI, Kak OyJeT MOKa3aHO HUXKE, OTPHUIIATEIBHBIC PE3yJIbTaThl PACUETOB IO
dbopmyiie (3.9) D(N1) MoryT o3Ha4aTh, 4TO MMPH PacCETHUH MUKPOUYACTHIL HA TOHKUX IIEHKAX (T.€.
npu N1 < 12) 4acTh MUKPOYACTHIL IPOXOJSAT CKBO3b ATOMHYIO PEIIETKY.

B atoii crartee npodiema D(N1) < 0 He nMeeT OKOHYATEIBHOTO pelieHus. JJaHHOMY BOpocy

CJICAYCT MOCBATUTL OTACIIEHOC TCOPECTUUCCKOC U DKCIICPUMCHTAJIIBHOC UCCIICAOBAaHHC.

Scattered electrons
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Puc. 16 Pesynbrar pacuera mo dopmyse (3.9) D(n1) npu cieayromux HeM3MEHHBIX TapaMeTpax
9 = 45° y = 0° v=45 w=0° I1 =10 cm, reos = 2:10em u IKCIIEPUMEHTATbHAS
3aBUCUMOCTh, nonyudeHHass K. Jlaucconom u JI. J[xepMepoM mpHu HCCIeAOBaHUU TUDPAKIUU
ANIEKTPOHOB Ha KpUcTaiie HuKens [1]

5] Paccesnue mukpouacmuy Ha 0OHOM Cloe KPUCMALLA
[Ipn paccesiHme MUKpPOUYAacTHI] Ha OJHOM cjoe KpucTtauia (T.e. mpu N1 = 1) pacuer mno

dbopmyiie (3.9) IpUBOIUT K pe3yIbTary, MoKa3aHHOMY Ha puc. 17 a,b.


https://ru.wikipedia.org/wiki/%D0%94%D0%B6%D0%B5%D1%80%D0%BC%D0%B5%D1%80,_%D0%9B%D0%B5%D1%81%D1%82%D0%B5%D1%80

a)upu ni=1, $=45°% y=0°, 0) mpu ni=1, §$=45° y=0°
I]_ :10_11CM, Icors = 6'10_9CM I]_ :10_80M, Fcors = 6'1O_QCM

Puc. 17 Jlnarpammbl ynpyroro paccesHusi MUKPOYacTHI[ Ha OJHOM ciioe Kpuctauia (N1 = 1),
paccunTanubie o Gopmysie (3.9) npu paznuynbx Iy

Eciu Tommuua nepsoro ciost li = 107'em, To pesynsrar pacuera mo dopmyie (3.9)
MoJIydaeTcsi oTpuiarensHeiM (puc. 17 a). 3T0 MOXKHO OOBSCHUTH TEM, YTO MHUKPOUYACTHIIBI HE
OTpPaXKaKTCsI OT JAHHOTO CJIOS, @ MPOXOSAT CKBO3b Hero. Eciu mepBblii ciioit Tomine, Harpumep, |1
=108 cm, To oTpaxkenue ot Takoro cios (puc. 17 6) aHATOTHMYHO OTPAKEHUAM OT BEPXHETO CIIOS

HEPOBHOM TTOBEPXHOCTH C IPYTUMH CTaTUCTUKAMH BBICOT HepoBHOCTeH (puc. 7 — 10).

a)mpu ni=1, $=45% y=0° 0) mpu ni=1, $=45° y=0°
I]_ :4'10_1OCM, rc0r5 = 6'10_9CM |1 = 3,410_lOCM, rc0r5 = 6'10_9CM

Puc. 18 J/Inarpamma ympyroro paccesiHusi MUKPOYACTHI[ Ha OJTHOM CJIO€ KPUCTAJLIA,
paccuntannas 110 popmyie (9.3) mpu N1 =1, ) Iy = 4.10Pcm n 6) |1 = 3,4-10 %M

MHTepecHBIi pe3yapTar pacuera o dpopmyie (3.9) mabmomaercs npu N1 =1 u I1= 4.10 cm
(puc. 18). DTo cmyuail MOXHO HHTEPHPETHPOBAaTh KaK MPEACKa3aHHe TOro, YTO YacTh
MHKPOYACTHI] OTPA3UTCS OT OJHOTO CIOS KPHUCTAIIA, a JAPyras 4acTh MHKPOYACTHII MPOMIET

CBO3b HETO.



6] Paccesnue mukpouacmuy Ha 08yX, mpex u yemuipex CJLosSX KpUcmaiid
JluarpamMmbl yIIpyroro paccesiHusi MUKpOYacTHIL Ha ABYX, TPEX U YEThIPEX CIOSIX KpUcTalia,

paccuntanubie 1o Gpopmysie (9.3), mokaszansl Ha puc. 19 u 20.

0

a) mpu N1 = 2, 9 =450, y=00, 0) npu N1 =3, 9=45° y:()O,
|1 :3'10_1OCM, Fcors = 6'10_9CM I]_ = 1,1'10_1OCM, Fcors = 6'10_QCM

Puc. 19 TYPM Ha nByx (a) u Tpex (0) cI0sAX KpHCTa/LIa, paccuuTanHbie mo Gopmysie (3.9)

Puc. 20 /IBa pakypca JJYPM Ha 4eTsipex ciosix KpucTasia, paccuuTanubie o gopmysie (3.9) mpu
n=4, 9=45° y=0° 1,=1,2-10"%wm, reos=9-10"m
7] Ilsmouit napamemp y
Kak Obu10 moka3zaHo Bbllle, TOJ00OPOM YETHIPEX MapaMeTpPOB:
H vV H [
8, i, N1, reors
MOXHO J0OUThCS, YTOOBI pacueThl o Gopmyie (3.9) COOTBETCTBOBAIM pa3IMYHBIM BapHaHTAM
TU(QPaKIUU MUKPOYACTHUI] HA MHOTOCJIOMHOM CTaTUCTHYECKH HEPOBHOM MOBEPXHOCTH KPUCTAJLIA.
I[IsTe1it mapametp (keunmaccenyus om nam. quinta essentia «namas cyuHocmsy) — yroi y (puc. 3

1 5), BO BCeX paHee PacCMOTPEHHEIX CTydasx ocTaBajcs paBHEIM Hymo (y = 0°).



@) Tpu n; =66, 9=45° y=35°, 0) Tpu ny =66, 9=45° y=55°
Il :10_110M, Icors = 6'10_9CM I]_ = 10_11CM, I'cors = 6'10_9CM

6) TIpH ny = 66, 9 = 45°, y = 80°, 2) Ipu n; = 66, 9 =45° y=155°,
I]_ :10_11CM, rc0r5 = 6'10_9CM I]_ = 10_110M, rcor5 9: 6'10_9CM

Puc. 21 IYPM Ha kpucrtamie, paccuutantbie 1o ¢popmyiie (3.9), npu omuHaKOBBIX &, N1, |1, Feors 1
Pa3INYHBIX yTIiIax y
[Tpu BeIBOsie hopmystbl (3.9) yUHTBIBANIOCH, YTO BCE a3MMYTaIbHBIC MMONIEPEYHBbIC CCUCHHS B

Pa3HBIX HAIPaBICHUSAX OJHOPOJHOM W M30TPOIHOM HEPOBHOM IOBEPXHOCTH KpHCTasUIA
onuHakoBble. [loaTOMy OXMOanoch, 4TO MPU U3MEHEHUM a3UMYTAJIBHOIO YIVIa Y AWarpaMmma
paccesiHusl JOJDKHA OCTaBaTbCsl HEM3MEHHOM, a M3MEHATBHCSA JOJDKHO TOJIBKO €€ a3uMyTalbHOe
HanpasieHue. M3 muarpamm, mokasaHHbeIX Ha puc. 21 a,0, BUAHO, YTO MPU HEOOJBINIUX yTiaax j
paBubix 35° u 55° cMermaeTcs TOMBKO a3MMYTaIbHOE HATIpAaBIEHHE Beeil uarpaMmel B esoM. Ho
IIpY JAJBHEHIIEM YBEIMYEHUU yIJIa ) AMArpaMMa pacCestHUS 3HAYUTENIBHO W3MEHSETCS IpU
HEM3MEHHBIX OCTAJIBHBIX YeThIpeX mapameTpax I, |1, N1, reors (puc. 21 6,2).
Ha panHOM »JTame wucCCleIOBaHUSA  CIIOKHO

YCTaHOBHUTD ABJISICTCA JIA 9TO U3MCHCHHC

A L
HemocTaTkoM Gopmyibl (3.9), WM 3T0 OTpaKeHHE NV
/ g // // l/ / /
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pPEATbHOCTH, KOTOPO€ MOKET OBITh MOATBEPIKICHO s //_/ 4%} %
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OKCIIEPUMEHTAIILHO. A A X
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MoxHO npeanosoxuth, uro JJYPM 3aBucur ot X I

yria o MEeXIy TpoeKUuedl  a3suMyTaJbHOTO  Pme. 22 VYrom o Mexmy Npoekimeii
a3UMyTaIBHOTO  HANpPaBJICHMS  JIBHOKCHHMS
MaJAloMX MHUKPOYAacTUI Ha IUIOCKOCTb
XOY wu HampaBlIeHHEM pSAIOB aTOMOB B

HAIpPAaBJICHUS JBWKEHUS MaJalolIMX MUKPOYAcTULl HA
wiockocte XOY W HampaBjieHHWEM pSIOB aTOMOB B

KPUCTAJUTMYECKOU perieTke (puc. 22).



W3 puc. 22 BuAHO, 4YTO TOBOPOT IIJIOCKOCTH NAJCHHS MHKPOYACTHII Ha Yrol o
conpoBOXKAaeTcss A(PGHEKTOM YBEIMYCHHUS PACCTOSHHUS MEXKAY AaTrOMaMu KpUCTAJUIMYECKOH
pemeTky, 3()()EeKTUBHO YYacTBYIOIIMMHU B UX paccesHUU. IDTOT 3PPEKT MOXKHO YUYECTh MyTEM
YBEIMUYCHUSI pajuyca KOPPESIIUU BBICOT HEPOBHOCTEHW IOBEPXHOCTH Ieors. Jlmarpammsl
paccesHus npu y = 75° ¥ yBeNMUEHHBIX 110 CPABHEHMIO C NPEAbIAYIIMM CIydaeM leos U 1,

MOKa3aHbl Ha puc. 23.

a) pu N1 = 66, 9 = 45°, y= 75°, 6) mpu N1 = 66, $ = 45°, y= 750
|1 :10_11CM, Fcor5—= 6'10_8CM I]_ = 2,5'10_llCM, I'cors—= 8'10_80M

Puc. 23 JIYPM, paccuurannsie o ¢popmye (3.9), mpu y = 75° u yBenudeHHbIX Ieors U |y

JlaHHBIE pe3ynbTaThl pacyeToB 1o Gopmyiie (3.9) noanexaT SKCIEPUMEHTAILHON TPOBEPKE.
Ecnn uckaxenus JJYPM u3-3a u3MeHeHus yria y He NOATBEPIATCS SKCIEPUMEHTAIbHO, TO 3TOT
HEJ0CTAaTOK MOKHO KOMIIEHCHPOBATh M3MEHEHMEM OpPHUEHTAllMU CHCTeMbl oTcyeTra. Bo MHoOrux
CIIly4asiX OChb KOOPJAMHAT, OT KOTOPOH OTCUMTHIBAETCSA YIOJ Y MOKHO M3HAYaJIbHO COBMECTHUTH C
a3UMYTaJIbHBIM HAIlPaBICHUEM JIBUKEHUS MUKpPOYACTHUII, MaJAI0LINX HA TOBEPXHOCTh KPUCTAJLIA.
To ecTb B psAlie 3KCIEPUMEHTOB, IMOJIB3YSCh MPOU3BOJIOM B BBIOOpE CHCTEMBI OTCUETA, MOXKHO C

caMoro Hadana 106uThcs, aTo6ms! y = 0P,

8] Aughpaxyus muxkpoyacmuy na mouxux nienkax
Meromuka pacuera JJYPM, npencranennas B §2.1 — 2.5, Obuta pazpaboTaHa UCXOs U3
TOTO, YTO MHKPOYACTHUIIBI ITOCIIE CTOJIKHOBEHMS C MOBEPXHOCTBIO TBEPAOrO TEJIa OTPAXKAKOTCSA OT
Hee II0 3aKOHAaM I'€OMETPHYECKON ONTHKH, a HE IPOXOIAT CKBO3b 3TO Teno. Ho okaszanoce, 4To
dopmyna (3.9) mo3BoisieT paccuMTaTh JMArpaMMy paccesHUS U NPU HUX TMPOXOXKIACHUHU
MHUKPOYACTHI] CKBO3b TOHKME IuleHKM. Ha puc. 24 mnpuBeneHbl JuarpaMMbl paccesHUs

MHKPOYACTHIL HA IUICHKAX, COCTOSIIIMX U3 14 1 15 c10eB KpUCTaNIMYECKON PEIIETKH.



a) mpu ny= 14, 9=45° »=0, 0) mpu ny =15, 9=45° y=0,
Ij_ :10_11CM, rcors = 9'10_9CM I]_ = 210_11CM, rcor5 = 9'10_gCM

Puc. 24 JludpakunoHHbIE MaKCUMYMbl MHKPOYACTHUII, MOXOMISIIUX CKBO3b TOHKHE IUICHKH,
paccuutanubie 1o hopmyie (3.9)

Heo06xomuMo OTMETHTH, YTO JaHHBIE IU(PAKIMOHHBIE MAaKCHMYyMBbl IIOJIYYalOTCS MpU
TaJeHIH MHKPOYACTHUI] HA TOHKHUE TLIEHKM TIOJ yriaamu ckoibikenus $ ot 25° no 65°. Ipu sTom
4acTh MHUKPOYACTHUL[ OTPa)XatoTCs OT HEPOBHBIX CJIOEB (T.€. aTOMOB) TOHKOH IUIEHKH, a Apyras
9acTh MPOXOIUT CKBO3b HUX.

[Ipy BepTHKATLHOM TNAJCHNM MHKPOYACTHI[ HAa TOBEpXHOCTH Tena (T.e. mpu ¢ = 90°)
pacuetsl 1o popmyie (3.9) npuBoAAT K abCcypaAHbIM pe3ynbTaTaM. To ecth MeToA pacueta JJYPM,
NIPEUIOKEHHBIN B TOM CTaThe, K JaHHOMY CIIy4al0 He IPUMEHHM.

9] O6wue 3ameuanus

[MoaBoast utorn naHHoro maparpada, ormerum, uro ¢opmyna (3.9) [uam B mpyrom Bume
(3.10)] oTkphiBaeT HIMPOKHE BO3MOKHOCTH JUIS MCCIICIOBAaHHS CBOMCTB TBEPIBIX MATEpPHAIIOB,
MOCPEJICTBOM aHAJIM3a pe3yJIbTaTOB paccesHuss Ha HUX MuKpoudactul. [lombopom msTH
apaMeTpoB
9, 11, N1, Feors ¥ 7y, KOTOPBIE CBSA3aHBI ¢ HEKOTOPHIMH CBOMCTBAMH aTOMHOW HJIH MOJIEKYJISPHOM
CTPYKTYPBI TBEPOTO TeJIa, MOXKHO TOOUTHCS CXOJCTBA IMArpaMMbl PACCEesTHUSI, pACCUMTAHHON 110
dopmyne (3.9) ¢ 9JEKTPOHOTpAaMMON WJIM PEHTIEHOTPAaMMOW, MW TEM CaMbIM MOJIYYUTh
MH(POPMALIHIO O CTPOSHHUHU JaHHOTO Tela.

B nenom, popmyina (9.3) ¢ nsarero mapamerpamu 3, l1, N1, Feors Uy TOPOXKIACT OECKOHEUHOE
MHOXECTBO JBYMEPHBIX IMOBEPXHOCTEH, B KOTOPOM MOTYT CYIIECTBOBATh OT/AEIbHbIE (HOPMBI,
OTpa)kallllie O4YEepTaHUs WIM CYTh IIPOLIECCOB B OKPY’KAIOLIEH peallbHOCTH. BMmecTe ¢ Tem, Bce

3TH TMOBEPXHOCTH OOJIATAIOT OAHWM 0OmmMM cBOMCTBOM. [lockonbky dopmyna (3.9) sBisercs



dynkumeit notHOCTH pacnpenenenus sepostHoctu D(v, 0/ 9, y)= p(v, 0/ 9, 7/)|va , TO TIOJTHast

IUIOIIA/Ib BCEX ATHX MOBEPXHOCTEH paBHa enuHuLe (3.14).

@®opmyna (3.9) NOAXOAUT AJsl OMHMCAHUS YHPYTOM AU(PPAKUUU HE TOJBKO 3JIEMEHTapHBIX
YacTHUIl, aTOMOB W (POTOHOB, HO W JUIS PACCESHHUS MAKPOCKOMHMYECKUX YHPYTHX TeJ (Thma
(GyTOOIBHBIN WM TEHHUCHBI MSYM) Ha KPYITHBIX MHOTOCIIOMHBIX MEPHOJANYCCKHX CTPYKTYypax.
[Tycth, Hampumep, U3 MeTamudeckux TpyO, ¢ muamerpom 30 — 50 cm, coOpana TpexmepHas
penieTka ¢ JIMHON pebpa oxHoM KyOmdeckoi stueiiku 3400 cm = 34 M, U B y3JIBI 3TOH peIIeTKH

[IOMEIIEHBI METAJUTHYECKHE mapsl auameTpom ot 50 10 80 cm (puc. 25).
/g p
o

=

v v

Puc. 25 KybOuueckas pemieTka, COCTOSMIAs U3 METALTHISCKHX
TpyO U 1IapOB Pa3HOTO JUAMETPA

Ecnu Ha TaKylo KyOHYecKylo pelleTKy HAampaBMTh TOJ YIIOM cKojbikeHus § = 45° motox
¢byTOOIBHBIX MsYel, ¢ quamerpoMm 22,3 cM, TO UX paccesHUE TaKKe OMUCHIBATHCS (POopMyIioi
(3.9). JeiicrBurensro, ecmu BMecto l1 = 10Mem, reos= 6:10%mM m N1 = 66 B MacmTabHBIH
napametp 7 (3.11) moxctaButh |1 = 50 cm, reors= 3400 cm u N1 = 18, TOo AMarpamMma ynpyroro
paccesiHus (GyTOOJBHBIX Msiuei Ha Takoil KyOHuYecKoil perieTke, paccunTanHas o gopmyoe (3.9),
OyzeT mpuMepHO TaKoM ke, Kak oka3aHa Ha puc. 1la.

Ecmu cnywait mudpaknmuu GyTOONBHBIX MSYEH MOATBEPAUTCS SKCIIEPHUMEHTAIBHO, TO MBI
CMOXEM YTBEpXKIaTh, 4To GopMmyia (3.9) oka3aack YHUBEPCAIbHON B OTHOIICHHWH PAa3TMYHBIX
MaciTaboB HCCIelyeMbIX COOBITHI, a SIBJICHNUS MUKPOMHUPA HEOTIMYUMBI OT SIBJICHUN MaKkpoMHpa
(TIpH aHAJOTUYHBIX YCIOBUSX).

Bo3MokHa TmoOcTaHOBKa OOpaTHOW 3aJa4yd WMHTAIUU IPOIECCOB, MPOTEKAIOMINX B
MHUKPOMHUpE, aHAIOTUYHBIMH TIPOIIECCAMH MAaKpOMHpa. ITO TIO3BOJIMT OoJiee JeTaabHO

pa3o6paTLc;1 B CYTH MUKPOCKOIIMYCCKUX SIBJICHUH.



4 3aki0ueHHe

B naHHOI cTaThe NOJIy4eHBI CIEAYIOIIHE PE3YIbTaThl.

4.1 MeTtoa pacyeTa AuarpaMm ylpyroro paccesiHusi MUKpO4acTHII

B 882.1-2.5 paspaboran meron pacuyera oObeMHBIX JIYPM Ha CTaTHCTHYECKH HEPOBHBIX
MOBEPXHOCTSAX C PA3IMYHBIMU CTaTHCTUKAMH BBICOT HEPOBHOCTEW. JlaHHBIN METO MPUMEHUM IS
OIUCAHUS PACCESHHsSI YIPYTUX YacTHIl ¥ BOJH ((POTOHOB M (POHOHOB), TIPH BBIIIOJIHEHHH YCIOBUI
KUPXTO(HOBCKOTO MPUOIIMKESHUS:

- HEpOBHOCTH OTpP@XalOIIell MOBEPXHOCTH CTATHCTHYECKH OJHOPOAHBI, TJAJKHE W
KpyIHOMAacIITaOHbIe 110 CPAaBHEHMIO C pa3MepaMH MHUKPOYAcTUI] (MX pPaanyca WM JIUHBI
BOJIHBI);

- OTpaKEHHE MUKPOYACTHUI] OT BCEX JIOKATHHBIX Y4aCTKOB HEPOBHOW MOBEPXHOCTH MPOUCXOIUT
M0 3aKOHAM T'€OMETPUYECKON ONTHKH. [y KpPaTKOCTH TaKoe OTPaKeHWE MHKPOYACTHIl B
CTaThe Ha3BaHO KYNPYTUM»;

- Y4YacCTOK HEPOBHOHM OTpakarolleld IMOBEPXHOCTH HAXOAMTCS Ha OOJBIIOM PACCTOSIHUHM OT
reHepaTopa u JACTEKTOpa MUKpOYacTHIL (puc. 2).

B Toli paboTe aKIEHTMPOBAaHO BHUMAHHE HA PACCESHUM JIIEMEHTapHBIX dYacTHIl (B
YaCTHOCTH, ODJCKTPOHOB M BBICOKOYACTOTHBIX (oTOHOB). OHAKO B CTaTbe BBIABUHYTO
MPEUIOKEHHUE, YTO PEIIOKEHHBIN METO/T MTOIXOAUT JJISl ONMCAHHS YIPYTOTO pacCcesHUs TaKkKe U
KpYIHOMACIITaOHBIX Tell (Hanmpumep, (GyTOONBHBIX MIIM TCHHUCHBIX MsYei), NMPU BBIOJIHEHHH
BBILLIETIEPEUNCIIEHHBIX yciIoBui. To ecTh mpennoiaraercs, 4YTo HET NMPUHIMITMAIBHBIX Pa3Tuunil
MEXIy Audpakimuedl YacTUIl MUKPOMHUpPAa M KOMIAKTHBIX YINPYIMX Tel MakpoMupa Ipu
AHAJIOTHYHBIX YCIOBHSIX.

4.2 ®TIIPB npou3BoIHOI CTAIIMOHAPHOTO CJY4YaiiHOr0 MpoIecca

Ha ocnoBanuu mpoueayps (2.29) — (2.32), npusenernoii B [34, 35], B JaHHO# cTaThe MOITyUYCHBI:

1) ®IIPB npou3BoHO# raycCOBCKOro CTalMOHapHOro ciaydaitnoro npoiecca (CCIT) (2.40);

2) ®ITPB npoussoauoit CCII ¢ paBHOMEpHBIM pacrpe/ielieHHeM BBICOT HepoBHOCTEH (2.51);

3) ®I1PB npousBoanoit CCII ¢ namiacoBsIM pacmpeiesicHHeM BbICOT HepoBHOCTEH (2.65);

4) ®ITPB npouszsoxHoit CCII ¢ pactipeneneHrneM BEICOT HepoBHOCTeH 10 3akony Ko (2.67);

5) ®IIPB mnpomssomnoii CCII ¢ pacmpeneneHueM BBICOT HEPOBHOCTEH IO MHOTOCIOHHOMY
CHHYCOHJATbHOMY 3aKoHy (2.76).

[Monyuennsie OIIPB p[£7(r)] npousBoanbix paznuunbix CCII MOTYT TpeICTaBIsSTh HHTEPEC
IUIE MHOTHX Da3/ieJioB CTaTUCTHYeCKOW (u3uku. Hampumep, MOCKOIBKY WMITYJIBC YaCTHIIHI,
IBIDKYIIEHCST B HAIPABJICHUU OCH X, CBSI3aH C MPOM3BOIHOW OT €€ KOOPJMHATHI COOTHOIICHHEM

px = Mvx = mdx/dt = mx’ To mpouenypa (2.29) — (2.32), mo cyTH, O3HA4aeT MEPEXOJa OT



KOOPAWHATHOI'O NPECACTaBJICHUS CTAaTHCTHYCCKOM CHUCTEMBI, K €€ UMITYJIbCHOMY NPEACTABICHUIO,

CO BCEM MHOKCCTBOM BBITCKAIOIIUX U3 3TOT'O HOCJ’IGI[CTBI/II\/'I.

4.3 O0beMHBbIE TUATPAMMBI YIIPYTOro paccesitHusi MUKPOYACTHII HA OTHOCJIOHOI
HEPOBHON MOBEPXHOCTH

Ha ocHoBanuu merona, usnoxenHoro B §8 2.1 — 2.5, u ®IIPB npou3BOIHBIX CTAI[HOHAPHBIX
CIly4ailHBIX MPOIECCOB, MOIY4YEHHBIX B §2.6, BBIBEIEHBI cieayromme (GOopMysbl JUIsl pacueTa
auarpaMm yrpyroro paccesuust Mmukpodactui] (IYPM) Ha oIHOCHOMHBIX KPYyIMHOMACIITaOHBIX
HEPOBHBIX MOBEPXHOCTSX:
1) ®dopmyna mnus pacuera JIVPM Ha OZHOCIOWHOH TOBEPXHOCTH C  2dYCCOBbIM
pacrpeeneHueM BeICOT HepoBHOCTel (3.3);
2) ®opmyina s pacueta JIYPM Ha 0HOCTONHOM TOBEPXHOCTH C PABHOMEPHBIM
pacmpeiesieHueM BeICOT HepoBHOCTeH (3.4);
3) @opmyna pans pacdera JIYPM Ha 0O#HOCIIONHONW TOBEPXHOCTU C  JIONIACOBLIM
pacmpeiesieHueM BeICOT HepoBHOCTeH (3.5);
4) ®opmyna ans pacuera JJYPM Ha ogHOCIONWHON MOBEPXHOCTH C paclpeiesieHUEM BBICOT
HepoBHOCTEH 110 3axkony Kowu (3.6).

W3-3a orpannueHuil, HaKIaJAbIBAEMBIX Ha O0BEM CTaThH, 3/1€Ch HE MPUBEACHO MOAPOOHOE
cpaBHenue oOwvemubix JIYPM, paccuumtanHeix 1o Qopmydam  (3.3) - (3.6) ¢
AKCIIEPUMEHTAIbHBIMU JaHHBIMU. OJHAKO OTMETHM, YTO B psje ciaydaeB nonyudeHHsie [YPM
XOpOILIO COIIACYIOTCS € OJKCHEpUMEHTaMU (IIPU  BBIIOJHEHUH YCIOBUH KHPXTO(POBCKOTO
NpUOIMIKEHNUS), ONMHCAHHBIMH B OOIIMPHOW JHMTEpaType IO PACCESTHUIO BOJIH M YacTUIl Ha
CTaTHCTHUYECKH HEPOBHBIX MOBepXHOCTX [17 — 27]. Hanpumep, Ha puc. 26 NPUBEICHO CpaBHEHUE
HYPM, paccuntannoit mo Qopmyne (3.5), ¢ IKCIEPUMEHTATHLHO TMOJYYCHHOW JuarpaMMoin
paccesiHusi HeUTpoHOB Ha MoHOKpucTaie CSHSeO4 [36].

Puc. 26 a) [ludpakunoHHBII MaKCUMyM HWHTEHCHBHOCTH HEHTPOHOB, OTPAXEHHBIX OT
moHokpuctaiia CsHSeOs [36]; ©6) AYPM, paccuurannas mo ¢opmyne (3.5) mis ciaydas
JaTJIacoBOrO pacrpe/eeHns. BHICOT HEpOBHOCTEl oTpaaromel mosepxHocTH, Tpu 9 = 60°,
7200. HL=T, leor3=5



4.4 O0béMHBIE TUATPAMMBI YIIPYTOro paccestHusi MUKPOYacTHIl HA MHOTOCJIOHHO#
HEPOBHOM NOBEPXHOCTH

Ha ocHoBanuu Metoja, usiaoxenuoro B §8 2.1 — 2.6, u ®IIPB npou3BoaHOH MHOTOCIOHHOTO
CHHYCOUIAIBHOIO CTAIl[MOHAPHOTO ClydaiiHOro mporecca (2.76) B JaHHOH CTaThe IMOJIydeHa
dopmyia (3.9) nius pacuera JJYPM Ha kpynHOMacmTaOHbIX (110 CPABHEHUIO ¢ MUKPOUYACTULIAMH )

HEPOBHOCTSIX MHOTOCJIOMHOM ITOBEPXHOCTU KPHUCTAILIA.

0)

Puc. 27 a) OObemHas auarpamMma YOpPYroro pacCesiHus MHKPOYACTHII Ha MHOTOCIOHHON
IOBEPXHOCTH KpHUCTaJlIa, paccunTanHas mo popmyie (3.9), mpu 9 = 45° y = 0°, n1 = 64, 11=10"
YoM, Feos= 6-10-%cM; 6) DKcreprMeHTaNBHO TIONydeHHas IeKTPOHOIPAMMa C TEMHBIM ISATHOM B
cepenune. @ororpadust B3sTa M3 HCTOYHUKA, HAXOSIIETOCS B CBOOOIHOM H0CTyIe B IHTEpHETE.

P
4,

%
»
"%

a) 0)
Puc. 28 a) O6bemuast JJYPM Ha MHOTOCIIOWHOW MOBEPXHOCTH KpPUCTAJLIAa, PACCUMTAHHAS MO
dopmyme (3.9), mpu 9 = 45°, y = 0°, n1 =46, l1 =10 em, reos= 1,4-10-%cm; 6) DxcreprMeHTaTEHO
MOJIyYeHHasl 3JIEKTPOHOTPaMMa C pa3MBITBIM CBETJIBIM IMATHOM mocepenune. dotorpadus Bista
13 UCTOYHUKA, HAXOAsIIerocss B cBOO0AHOM Aoctyne B UHTepHeTe

[Tox6opom msitr mapameTpoB &, l1, N1, Feors ¥ p, BXomsamumx B ypaBHeHue (3.9), ymaercs

)106I/ITI)C$I CXOXECTH JuarpaMMbl pacCCIHUSA MHUKPOYACTHUI[ Ha MHOTOCJIOMHOM IMMOBEPXHOCTHU



KpHUCTaJIa, PACCYNTAHHON C MOMOIIBIO JTaHHOW (POPMYIIBI, ¢ SKCIIEPUMEHTAIBHO MOJTYYeHHBIMU
asieKTpoHOrpamMmamu (puc. 23, 24) win peHTreHOrpaMMaMH.
Eme pa3 orMeTum, 4TO AaHHBIE Pe3yJbTaThl MONYYCHBI Oe3 mpuBieueHus uaew Jlym ge

BpOﬁJ’IH 0 BOJIHOBBIX CBOHCTBaX OJIEMCHTAPHBIX YaCTULI.

5 BeiBOaBI

B cratee BbIBenmeHBI (hOpMynBl IS pacdera yNpPYrux JuUarpaMM paccesHUs MHUKPOYACTHUI]
(pepmroHOB M OO30HOB) Ha HEPOBHBIX OJHOCIOMHBIX W MHOTOCIOMHBIX IIOBEPXHOCTSAX C
pa3IUYHBIMM CTATUCTHKAMU BBICOT HEPOBHOCTEH IPH BBIIOJHEHUU YCIOBHM KUPXTO(POBCKOIO
npubmmxenus. [Ipu 3Tom noaydeHsl GyHKIMU ITIOTHOCTH pacnpeneneHus BepositHocT (PIIPB)
IIPOM3BOJIHOM pAa3IMYHBIX CTALMOHAPHBIX CIIy4alHbIX IIPOLECCOB, KOTOPbIE MOIYT OBITh
MCIOJIb30BaHBI B PsJie IPYTHX 33/1a4 CTATUCTUYECKON (PU3MKH.

[lomumoO pelieHuss BBIIEYKA3aHHBIX IPAKTUYECKMX 3aJad, dTa CTaThs HAIpaBlieHa Ha
BHECEHUE PallOHAIbHON SICHOCTH B MEHTAJIbHYIO NPOOJIEMY, CBSI3aHHYIO C 00CYXKIEHUEM HJIEU O
BO3MOKHOM «CYILIECTBOBAHUM» BOJIH J¢ bpoiurst. IIpuMeHeHHbIe 31€Ch 3aKOHBI T€OMETPUYECKON
ONTUKU U BEPOSTHOCTHBIE METOJbl CTaTUCTUYECKOW (PU3MKHM IMO3BOJMIIM, IO MHEHHUIO aBTOpa,
OOBSICHUTh JU(PAKLIUIO 3JIEMEHTAPHBIX YaCTHIl M aTOMOB Ha KpUCTaJulax 0e3 HpUBJICYEHUS
nanHoi rumnote3sl Jlyn ne bpoiinsg o BonHax marepuu. bonee Toro, B 3Toi paboTe BBICKA3aHO
MIPENIOJIOKEHNE, YTO sIBIEHWE MU(PAKIUU YacTUIl HAa TBEPABIX NEPUOAMYECKHUX CTPYKTYpax

MOKET MPOBATIATCA HE TOJIbKO B MUKPOMHUPE, HO 1 B MAKPOMUPCE ITPU aHAJIOTUYHBIX YCIIOBUSAX.
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[Tpunoxenue 1
OTpaxeHue NI0CKOM 3JIEKTPOMATHUTHOM BOJIHbI
OT KBaJAPAaTHOI'0 YYaCTKA NOBEPXHOCTH

IlycTp myiMHA MIIOCKOW MOHOXPOMATHYECKOH 3JIEKTPOMAarHUTHON BOJIHBI A MHOI'O MEHbIIIE
XapaKTepHBbIX pa3MEpOB HEPOBHOCTEH IOBEPXHOCTH TBEPAOrO MM JKUAKOIO BEIECTBa,
MPOBOJAIIETO 3JIEKTPUUECKUH TOK (T.e. A « Feor, TOE lcor — painyC aBTOKOPPEISIMU BBICOT
HEPOBHOCTEM OTpaxarolled MoBEepXHOCTH). B 3TOM ciayyae HEpPOBHYIO IOBEPXHOCTbH MOKHO
pa3dUTh Ha MHOKECTBO POBHBIX KBaJPAaTHBIX Y4acTKOB ((aceToB), U paccMaTpuBaTh OTPaKEHUE

Jydel 3JIEKTPOMArHUTHOM BOJTHBI OT KaXK10ro ¢aceta no otaenbHocty (puc. I1.1.1 a,0).

Gponr mAockolt BOHH

[Mpuémunxk

WeTouHuk

Puc. I1.1.1 PaccesHue 51€KTPOMArHUTHOW BOJIHBI Ha IOBEPXHOCTH, AalNpPOKCUMHUPOBAHHOM
POBHBIMHU KBa/IpATHBIMHU ydyacTkamu ((aceramu). a) MakCUMyMy TJIaBHOT'O JICTIECTKA THArPAMMBbI
paccestHUsl Kaxkaoro  ¢acera HampaBlIieH MO 3aKOHAM TIE€OMETPUYECKOW ONTHUKH: JIEKUT B
IUIOCKOCTH MaJICHUS U YToJl OTpaykKeHUs paBeH yIily najaeHus; 6) B cTopoHy aHTeHHBI IpUeMHHKa
HampaBJIeHbl TOJBKO TE€ IJVIaBHBIE JIETIECTKH JAMarpaMM paccesHus, (aceTrbl KOTOPBIX
OPHEHTUPOBAHBI COOTBETCTBYIOLIMM 00pa3oM

[Tox «rydomM» 3JIEKTPOMAarHUTHOM BOJIHBI 3/1€Ch MOAPA3yMEBAETCSA LUIUHIP, OCh KOTOPOTO
COEUHSET MCTOYHUK 3JIEKTPOMArHUTHOM BOJIHBI C LEHTPOM OTpa)KaIoLIEro Qacera, a TuaMeTp
OCHOBaHMS [AaHHOTO IIMJIMHIPAa NPUMEPHO COBMAJaeT C pa3MepoM OJHOH M3 CTOPOH bn
KBaJpaTHOro ¢acera.

OnpenenuM auarpamMmy pacced4eHus IMUIOCKOH MOHOXPOMATHYECKOW 3JIEKTPOMArHUTHON

BosHBEI (DMB) Ha omHOM (haceTe, MaeaTbHO MPOBOJSIIEM JJICKTPUUECKUN TOK. [Ipenmonoxum,



YTO TOYKA U3MyueHus (u3inydareinb, puc. [1.1.16) u Touka HabmoaeHUS (MPUEMHUK) HaXOSATCS Ha
OonpmIOM paccTosHUM OT (acera (T.e. bn « r2 m bn « rg), Tak yro mamaromme Ha acer u
oTpakeHHbIe OT (pacera yun DMB MOXXHO cUMTaTh MPAKTUYECKU MapajuiedbHbIMH. [Ipu 3TOM
CUTHAJI, OTIPABIISIEeMbIH OT JIOO0OW TOYKM Ha KBaJpaTHOM (aceTe K aHTCHHE MPUEMHUKA UMEET

BU/I

E , 27 [ x(cosvsin @+ cos 9sin ) +
Ei(x’ Y):—mEXp | C()lt—i-— L1
h A | +y(cosvcosw+cosPcosy) -,

r7ie X ¥ Y OMPEeeNIIOT KOOPINHATHI KAKIOW TOYKU HA KBaIPAaTHOM (acere;
Em— AMmuintyaa Hanpsok€HHOCTH MOHOXpoMaTrieckot OMB Bo3ne uzmyvaresns.
r1 — pacctosHue ot ucrounuka YMB no uentpa dacera (puc. I1.1.16);
I', — paccTOsIHHE OT IIEHTpa (aceTa 0 aHTEHHBI IPUEMHHKA JTy4deir DMB, oTpaXeHHBIX OT
dacera (puc. I1.1.1 6);
(®1 — YacTOTa KOJIeOaHUI MOHOXPOMATHUYECKON AJIEKTPOMArHUTHOW BOJIHBI;
9, y — yruibl, 3aiaroniue HanpasieHue nydya OMB, nagaromero Ha ¢acet (puc. I1.1.2);

Vv, (@ — yIJIbl, 33JIal01Ue HanpaBieHue 1yya OMB, orpaxkeHHoro OoT (acera.

AS

Puc. I1.1.2 Yrus1 9, y onpeaenstoT HanpasiaeHue tyda OMB, najaromero Ha ¢acer;
YIJIBL V, (0 OIPENENSIOT HanpaBieHue tyda OMB, oTpakeHHOro oT dacera



Huterpupys Beipakernue (I1.1.1) mo Bcelt miomaau dacera, moIyIum

sin { 27, (cosvsin  + cos 3sin ;/)}

E, = [[ & (x ydxdy = —5—*
b " (cosvsin @ + cos gsin y)

X

(I1.1.2)

X

. [ 27b,
sin " (Cosv cosm + C0S$CoS ¥ )
A E . 2r
x —expyll ot ——r,
?
1

" (cosv cos @ + €S $Cos y)

IlepBsiii 1 Bropoil comHOxkuTenu B BoipakeHuu (I1.1.2), Bo3BeneHHbIE B KBAaJpaT, SIBISETCS
HUCKOMOM JuarpaMMoi paccesHHMsl 10 MOLIHOCTH IUIOCKOH, MoHoxpomaTuuecko OMB ot

UJealbHO MPOBOJISAIIETO U POBHOTO KBAJIPATHOTO y4acTKa MOBEPXHOCTH ((acera)

sin Z{Zﬂb” (cosvsin @+ cos Jsin }/)} sin Z{Zﬂb” (cosv cos @ +cos $cos 7/)}
A
D, (v,w/9,y)=

27 . T [om ’
o (cosvsin @+ cos 9sin y) o (cosv cosw+cosJcosy)

(IL.1.3)
Huarpammbl paccestausi, paccuntannbie mo (opmyne (I1.1.3), mokazansr Ha puc. I1.1.3

(cmotpute Ipunoxenue 12)

a)pn 9 =45% y=0° bo/21=3 6) mpu 9= 45°%, y=0°, by/ 1 =50

Puc. I1.1.3. /ImarpaMmbl paccesHusi MO MOIIHOCTH IUIOCKOW, MOHOXpomartuuyeckod DOMB ot
WJIeaTbHO TPOBOSAIIETO M POBHOTO KBAJPATHOTO ydacTka MOBEpXHOCTH (dacera). Pacuerst
BbInosHeHb! 1o ¢popmyre (I1.1.3) ¢ momomrsio nporpammuoro odecneuenust MathCad

Ceuenue nuarpammsl paccestaus (I1.1.3) B muiockocT najgeHus U otpaxkeHus igyda OMB

nokasasa Ha puc. I1.1.4.



S /6 ;//
=

Puc. I1.1.4 Ceuenue auarpaMMbl paccessHus Jyda MIOCKOM 3JIEKTPOMAarHUTHON BOJIHBI OT POBHOTO
KBaJ[paTHOI'O yyacTKa IOBEpXHOCTH ((PaceTa), MPOBOISAIIETO IIEKTPUUECKUN TOK

W3 nuarpamm paccesust ([IP), nokasannbsix Ha puc. I1.1.3, BUgHO, YTO mpu yBeIUYEHUU
otHomeHust bn / A rnaBHeiil nenectok JIP yTOHuYaeTcs W BBITATHBACTCS, a OOKOBBIC JICTIECTKH
ucuezaroT. [lpu Oonbiux by 1o orHomeHuro K A (T.e. mpu by / 1 — o0) quarpamma paccesiHus
(IT.1.3) BeIpoXkmaeTcs B nenbTa (YHKIUIO, T.€. OTPAXCHHBIH OonbmmM (acetom iya OMB
CTaHOBHUTCS OECKOHEYHO TOHKUM. B 3TOM cilyuae 3akoHBI OTpa)keHMs Jiyda cBeTa oT ¢acera (T.e.
3aKOHBl I'€OMETPUYECKOM ONTHKHM) HMOJHOCTHIO COBHAJAIOT C 3aKOHAMU YNPYroro OTpaskeHUs
4acTULl OT TBEPAOH IOBEPXHOCTH MPU AHAJOTMYHBIX YCJIOBUSAX (T.€. KOrJa 4YacTULbI MHOTO
MEHBIIIE Pa3MEPOB TBEP/I0M TOBEPXHOCTH).

Jlpyrumu ciIoBaMU B JTaHHOM CIlydae IOBEJECHHE Jyda CBETa MOJHOCTbIO COOTBETCTBYET
MOBEJICHUIO YacCTULbl (KOTOPYIO YCIOBHO MOKHO Ha3BaTh (poTOHOM). DOTOH MpakTHdecku Oe3
MOTEPh OTPAKAECTCS OT «3EPKAIbHOI MOBEPXHOCTH IO 3aKOHAM F€OMETPUYECKON ONTHKH, TOUHO
TaK K€ KaKk OTpPa)kaloTCs OT TBEPJOH MOBEPXHOCTH YIpPYrHe YacTHIbl THMA: 3JEKTPOHA WU
npoTtoHa u T.1. [loTepu sHepruu Ha pa3orpeB OTpakarolled MOBEPXHOCTH IPU COYAAPEHUSIMU C
YaCcTUIIAMU U IpYTHE BTOPOCTENEHHBIE A3 PEKTHI, B pacCMaTpUBaeMON MOJIENTH HE YUUTHIBAIOTCS.

[loaToMy, B JaHHOW CTaTbe MOJ MHUKpPOUYACTHI[AMM IOAPA3yMEBAIOTCS JHOObIE YaCTUILIBL:
(bepMHOHBI (HampuMep, 3JIEKTPOHbI) U 0030HBI (HampuMep, GOTOHBI), pa3Mepbl KOTOPHIX MHOTO
MEHbBILIE  XapaKTepHBIX  HEPOBHOCTEH  OTpakarollei  MOBEPXHOCTH  (KUPXTooBCKOE
NpUOIMKEHNE), U OTpaXKaroluecs OT JaHHOM MOBEPXHOCTH MO 3aKOHAM I'€OMETPHUUECKOM ONTUKH.

B cBs13u ¢ BhIlIECKa3aHHBIM, BCE BBIBO/IBI, C/IEJIAHHBIE B ATON CTaThe, KACAIOTCS KaK YIPYTHUX

qacTull, Tak u iyueid OMB (cBeTa), mpH BBIIIOJIHEHUH BbIILIEYKAa3aHHBIX YCIOBHM.



IHpuiaoxenue 2
Broiuuciienne nHTErpaJion

BossMeMm unTerpais (2.73)

w(£)= J— J \f sin( & /1,)exp{ig'6 /3¢, (2.1)
y (&) = J— | f sin( an & /1,) exp{—i£'E /e (112.2)
Haunewm c unterpana (I1.2.1), u Bocriosbayemcst GopMyJion sin x = e” ;_e_ix Y NPEJICTaBUM
i
(I1.2.1) B BUzE
2 I, e|7znl§/I2 _ —|7zr11§/I2 il d 53
oS I1.2.
w() = N \E e=="dg (I1.2.3)

BoinosnHuM nocienoBaTeIbHOCTh CIAEAYIOLUX TPeoOpa3oBaHuii

2 I, emn@/IZe"’:é/” e_i”n@”Zei‘:"’:/’?
v (2 - dz
2
1 2 £ eiiznléf/|2+i§'r§/7] _e7i7m1§/|2+i§’§/77
nN__- |Z d
V()= ﬁ J ~ 3
2 Iy e|§(7m1/|2+§/77) e*if(ﬂfh“z*f'/ﬂ)
w(&)= N \/7 Y dg
2

1 2 B i EI)  cicmlle
N — Z e L +&' 1) —e i&(any /1, éln)d
v(s) 2iv2r \ 1, -([ J

B pesynbrare qaHHbIX TpeoOpa3zoBaHuid, OIydaeM

L [2(Foicommeeimg s Foricomi,-e
= e' y Ha+ d —le i&(any /1,-¢ /77)d H.24
2iv2r \ 1, u‘ d '([ d ( )

Bosbmem nepBeiii nnterpan B (I1.2.4)

w(&) =

J‘elé(ﬂm“ﬁé /’7)d[|§(7zn1/| + é: /77)]

.[e-f(nnlf:nzw /ﬂ)dg

—00

i, /1, + &' 1)
RECS) 2

I,
[eistmete=Indig(an, /1, + &' 1)
0 =

i(mn, /1, + &' 1) i(ny /1, + & 1)




l2 @il (/124" 1) @i 00 /12+£' 1)

i, /1, + & )|, iGn L+&Tn) i/, +&1n)

eiaf(zznillz+§'/17)

eif(ﬂﬂ1/|2+§’/n)
i(7zn1/I2+§’/77)|0_i(7zn1/I2+cf’/77) i(zn, /1, + & 1 n)

I, pile ([ 1+£'17) 1

B pe3ynbrare JaHHBIX BBIUMCICHUM, TOTydYaeM

pictmilrgtn) |2 Gl i) _q

- - =- , (I1.2.5)
i /1, +& )|, iy /1, + & 1)
BossMmeMm BTOpoit unrerpain B (I1.2.4)
I,
e*lé(ﬂﬂlllz gln)d[ Iaf(ﬂn /| 5//77)]
J‘eflf(ﬂﬂyf/lz -& /v)d(:
—i(m 11, =& 1)
I, ) ) )
J‘e— Smib=Eimd _ig(my I, — &' 1) gricmen-cin |2
0 =
=i(an, 11, &' 1) ~iam, /1, &I )),
e—if(mh“z—f'/'l) 12 e‘”z(””ﬂ'z—'f,/'?) 1
i, I, =E )|, i I, =& 1) i(an 1, - 1)
B pesynbprare qaHHBIX BBIYMCICHUHN, ITOJIy4aeM
. , | . ’
e*'f(””l”z*f /1) 2 e*”z(”"l“z*i In) _1
(I1.2.6)

—iGn 1, =& )|, =i, /1, —&'In)

[Moncrasnss (I1.2.5) u (I1.2.6) u (I1.2.4), umeem

ik (m/l+'ln) _q g ik (m/=&n) _q

l//(é ) - - '
2«/ |(7znl/I +§/77) —i(m /1, -¢&"1n)

Boinonnum npeodpazoBanus

pi(m+Ehln) _q e—i(ml £alm _q

w(&) = ;
2||\/ (7zn /1, +§/77) (7zn I, -&"1n)

pilm T /n) _ e—u(zml i) _q
v(e)= _2\/_\/7((7#]“ +z§/77) o, —gln)j

OxoH4YaTeabHO MoJydyaeM pe3yiabTaT uurerpuponanus (I1.2.1)
, 1 ei(ﬂn1+§12/77) -1 e_i(ml_§12/n) -1
w(&)=-, / ( —+ , (I1.2.7)
Azl \ (1, +& ) (11, =&"n)

Amnanornuno Bo3pMeM uHTerpan (11.2.2)

w*(é)—\/—f\fsm(ﬂnlfll Yexp{-ig's/myds




[Ipencrasum (I1.2.2) B BUIE

2 I emng/lz _ —|7znl§/I2 v
w*(&) = VF_'JF_ e sing e
2
2 b @imiglly o =iseln _ q-iméll o-idin
V)= o f ~ d¢
2
, 1 9 %L @ImENHEEl) _ ot l-iEE I
w*(&) = E\/I:-[ o d&
2 —o

*(E) 2'z Is(ml1=E'1m) _ =i (any1+'1 ) o
\/ \/ 2% 2i

J’ gl¢tmu/ly=¢'lm) e—ié(ﬂfh/|2+§’/77)d§

@ =5

B pesynbprare qaHHbIX TpeoOpa3zoBaHuid, OIydaeM

1 2 f P&y I,—E' . i '
Z | eletm/t n)d —le Ié(ﬂmllﬁé/n)d
2iN 27 \/Iu d -([ d

BossMmeM niepBebrit maTerpan B (11.2.8)

y* (&)=

jenf(mlllz SIndliE(n I, - &' 1))
£y 1lp+&' 1)
[s T e, e

l, ) ) ] '
'([e E(ané 1, ‘f/”)dlé‘(ﬂﬂl“z —&1n) etm i
i(m, /1, - &'1) i /1, =& )|,

l2

@iEtml1y=¢'In)
i(n, 11, =& )|, i(an, 11, =& 1) i, 11, ~&'Ip)

L gilz(mullo=¢') gl0(mullo=¢'n)

it /1= 1) " il (m/1;=¢" 1) 1

i, /L, =& 1), i I, —&Tn) i 1,—&'In)

eif(ﬂfh“zﬂf’/ﬂ)
i /1, - &' 1m)|, i, /1, ~& 1)

b gib(mi-gin) _q

BossMmeMm BTOpOit naTerpai B (I1.2.8)

(11.2.8)

(11.2.9)



je,.g(ﬂnl/lz+§/77)d[ &, 1, +&"17)]

—i(n /1, + &' 1n)

J’e—lé(mgnﬁé /fl)d§

I,

I
[eremttring —ig(an, /1, + &' 1)
0

griE(mE & 1)

—i, /1, + &' T1) =i 1, +E ),
e—if(ﬂn1/|z+§’/f7) 12 e—ilz(ﬂﬂl/|z+§'/77) -1
- p =— p (I1.2.10)
—i(an /1, +& )|, —i(an /1, +& 1n)
[Moacrasmss (I1.2.5) u (I1.2.6) u (I1.2.4), umeem
llz(ﬂﬂlllzﬂf’/ﬂ) -1 e*“z(ﬂm/lﬁf'/ﬂ) -1
* (g ) B \/7( , ) i ' }
2i 27 i /L, =&"1n) —i(m /L, +& In)
Boinonnum npeodpazoBanus
|(7znl Sl _ e—i(ﬂnﬁﬂ 2/m) -1
(&)=
2..«/ (m n, g/n) (m, /1, +&'17)
|(7ml Ealn) _ e—l(ﬂﬂﬁﬂ 217) -1
y*(&) =
2\/ (7zn/I —5/77) (m, /1, + ')
OxoHYaTeabHO MoJIydyaeM pe3yabTaT uHterpuponanus (I1.2.2)
1 ei(ﬂnl—512/77) -1 e—i(zzn1+§’|2/77) -1
W*(f')=—1/ ( — , (IL.2.11)
Al \ (1, =&" ) (an /1, + &' 1)
Uraxk, pesynbraramu B3atusa uHterpanoB (I1.2.1) u (I1.2.2) sBastorcs Beipaxkenus (I1.2.7) u
(IL.2.11):
1 ei(ﬂn1+§12/77) _1 e—i(ﬂnl—§12/77) _1
w(&)=— —+ , (T1.2.12)
Arl,\ (g I, +& ) (my 1, =& 1)

1 ei(ml_ﬂz/ﬂ) _l e_i(ﬂn1+§12/’7) _1
p*(&)=— ( — ,
Azl \ (I, =& ) /1, + & )



IHpuiaoxenue 3

IIpousBeneHnue BoIpaskeHuil

[IpousBenenue BoipakeHust (2.74) u (2.75) {mmm (I1.2.12) u (I1.2.13)}

\/T( pilm+elain) _q e im=¢hin _q ]
l//(é:,) = r + 4 Hsl
a7, G+ &) (11, ~ ') (13
1 ei(ﬂnl—§1z/77) -1 e—i(””1+§12/’7) -1
w*(&) = —1/ ( —+ , 11.3.2
Az l,\ (m /1, =& 1) (I, +&"[7) ( )
paBHO
' ' , 1 ei(ﬂnﬁf"z/’l) -1 e—i(ﬂn1—§12/’7) -1 ei(”nrf"z/ﬂ) -1 e_i(m1+§12/77) -1
P& =w (& *(&) = [ Tt , j[ Tt , ]
Al \ (a1, + & ) (a1, =& ) \ (i 11, =& 1) (a1, + &7 1)

(I1.3.3)
OTKpBIBaH 6OJ'IBH_II/IC CKO6KI/I, IIOITaPHO IICPCMHOKHM CJIaracMbIC

pilm+elaln) 1 gilm—clain) _q (ei(ﬂn1+§1z/77) _1Xei(zm1—§12/n) _1)

G /1, +&E1n) (an I, —E'7) (m%jz _(47)2
2 n

im+&1210) _q @ity &l /n) _q (ei(m1+512/n) _1Xe—i(ml+é1z/n) _1)
(I, + & 1) (I, +ETn) (m, 11, + &' n)

QM /m) 1 grilmein g (ei(ﬂﬂl+§1z/77) —1Xe"(””1*‘“2”7’ _1)
(a1, +&'In) (an, 11, +E I7) (any /1, +&" 1)

e itm—clain) _q  a-itn+élain) _q (efi(mlfaz/n) —1Xe’i(””1*§12”7) _1)

(n, /1, —&'1n) (an, /1, + 1) (m%jz ‘(977
) n

CnouM NOJTy4UBIINECS BBIPAKEHUS

(ei(ﬂ”1+§12/77) _ zlxei(mllﬂz Z/zn _ 1)+ 2(ei(7m1+§12/77) _ 1Xe:(m1+j12/77) _ 1)+ (e—i<m1—f:1z/n) _3Xei(nrl+:1:/n) _ 1)
BOET )
1, n 1, n

[lepecTaBnsis cnaraemple MECTAMH U CYMMHUPYS, IOYYUM




(ei<nn1+:12/n> _ 1Xei<m1—§12/n> _ 1) N (e—i<m1—§1z/n) _1Xe—i<m1+§12/n> _ 1) 2(e‘(””1+‘“2’”) _ 1Xe—i(ﬂn1+§1z/77) _1)

(ﬂﬂ%)z_(%)z (an, /1, + &)

(I1.3.4)
BrinmoaHuM BeIYHUCIIEHUSA
. (ei<7m1+§12/n) _ 1Xei(m1—§12/n) _ 1): pi2m _ gitmi+&laln) _ gitmi=811m) 4 1
(e—imnl—az ) _ 1Xe—i(ml+§1z ) _ 1) _ g 12 g im=Elin) _ gmitm+ NI q
2.
3 (ei(ﬂn1+§1z/77) _ 1Xe—i(nn1+§12/n> _ 1)= Q0 _@ilmu+&la/n) _ gitmi+&l/n) | 4 —
—1— (ei(ﬂnﬁﬂz/n) + e—i(ﬂnﬁﬂz/n)) +1=— (ei(ﬂnﬁﬂz/n) + e—i(ﬂﬂ1+§12/f7)) +2=
—2[(e!Mrete /) gty j o )= 2[cos(an, + &N, 1 77) —1] (I1.3.5)

iX

+e ™

e YYTCHO BBIpaKCHHUE COS X =

Cnoxum 1 u 2

eizml _ei(ﬂnﬁf'lz/ﬂ) _ei(ﬂnl—§12/77) _|_e—i27m1 _e—i(ﬂnl—f'lzlﬂ) _e—i(ﬂn1+§12/77) + 2

[Ieperpynnupyem ciaracmbie

(/2™ 4 i2m ) _ (gllm et/ y o-ilmdla/n)y _ (gitm-italn) | goilm-ca/)y | o

NJIn
2[(ei2ﬂﬂ1 + e—i2ﬂﬂ1 ) /92— (ei(ﬂﬂ1+§1z In) + e—i(ﬂﬂ1+§1z/f7))/ 9_ (ei(ml—ﬂz/n) + e—i(ﬂnl—ﬂz In) ) /2 _|_1] _

= 2[cos 2zm, —cos(zn, + &N, 1 7) —cos(zm, — &N, 1 77) +1] (I1.3.6)
[MoncraBum ciaraemsie (I1.3.5) u (I1.3.6) B (I1.3.4), noay4um

2[(cos 27, —cos(zn, + &1, /17) —cos(an, — &1, /;7) +1] ~ 4[cos(an, + &1, /77) —1]
2 ’ 2 ) / |2 !/ 2
(™) -(57) s

Temneps Bctasum (I1.3.7) B (11.3.3)

(I1.3.7)



1 | 2(cos 2, —cos(zn, + &1, /i) —cos(an, = &1, /) +1]  4[cos(an, + &1, /) —1]

p(s) = in, (m%jz _(%)2 (an, 11, +&' Y

Bocnone3zyemcst AByMs TPUTOHOMETpUYECKUMU (hOpMyTIaMu

(11.3.8)

CoS® X = 1+ C;)SZX U COSXCOSY = %[cos(x —y)+cos(x+VY)] (11.3.9)

Otkyna cienyer
cos2/m, +1=2cos’ n, (I1.3.10)

cos(zm, — &N, [n)+cos(zn, + &N, /1) = 2cos(zn, ) cos(EN, /77) (11.3.11)
C yuerom (I1.3.10) u (I1.3.11) Beipaxkenue (I1.3.8) mpuHHUMaeT BHI

1 | 2[2cos® i, — 2 cos(an,) cos(EN, /77)] _ 4cos(zn, + &1, /) 1]

p(&) = arl, (ﬂn%r —(%jz (7, 11, + &' )

Beimonnss ynpouieHus

4[cos?® 7n, —cos(zm, ) cos(EN, 177)] _ Acos(an, +&1, /1) 1]

A

OKOHYATCJIbHO MOJTYyYHUM

N 1
|0(§)—47TI

[cos? n, —cos(zm,) cos(EN, /77)] _[eos(an, + &1, /77) —1]

1y e

p(E) = (I1.3.12)
7l




7 Coxkpamenns u onpenenenus (Abbreviations and Definitions)

JAYPM — nuarpamma ynpyroro paccesiHus MUKpPOYacCTHIL;

CKO — cpenHekBagpaTUYHOE OTKIOHEHHUE;

CCII — cranmoHapHbIi Ciry4aliHbINA MPOLECC;

OITPB — QyHKIMS IIOTHOCTH pacIpeIeICHUS BEPOSITHOCTH.

Mukpouacmuya — B JaHHOW paboOTe ATO TBEPHOE YIPYroe KOMIAKTHOE TEJIO WJIM JIyd CBETa
(¢oToH), pasMepbl WM JUIMHA BOJHBI KOTOPBIX MHOTO MEHBIIE XapaKTepHBIX pPa3MEpOB
HEPOBHOCTEN OTpakarolled MOBEPXHOCTH, IPU CTOJIKHOBEHUM C KOTOPBIMU OHHM OTPaXKarOTCs IO
3aKOHAM T'eOMeTpUYeCcKoi onTuku (cmotpute §1).

Ynpyeoe pacceanue (ompaodicenue) — 3T0 OTpak€HHE YacCTHULIBI OT IMOBEPXHOCTU IO 3aKOHAM
reomeTpuyeckoit ontuku (puc. 3,4,5): 1) OrpaxkeHre ynpyroi 4acTUIbl OT TBEPIOW MOBEPXHOCTH

IMPOUCXOIHUT B IINTIOCKOCTHU €€ ITAACHUA, 2) VYroa OTPaXXCHUA Q2 PaBCH YIi1y IaJCHUuA Ql.
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